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PREFACE 


The purpose of this treatise is to present the engineering aspects 
of circuit theory. Although theoretical, the language and view- 
point of the book are those of the engineer. It gi ves the methods 
and tools necessary for the analysis of modern power-circuit 
problems. 

The book has grown out of the author’s experience as a teacher 
and an electrical erijiiaoer. It is primarily intended as a text- 
book for the course ^'Electric Circuits” included in the post- 
graduate curriculum of the Electrical Engineering Department 
of the Massachusetts Institute of Technology. There has been 
a long-felt need for such a text. It is hoped, however, that the 
book also may prove of use to students of similar courses at . 
other institutions, to electrical-engineering students in general, 
and to many practising electrical engineers. 

Numerous illustrative examples are worked out in the text. 
These examples are, wherever practicable, based on actual 
engineering data and are representative of the type of problenM 
with which the electrical engineer to-day deals. ® 

The author wishes to express his appreciation and thanks ip; 
Mr. G. H. Arapakis, Instructor in Electrical Engineering at tlM 
Massachusetts Institute of Technology, who read the manuscripliJ: 
offcu’CMl many valuable suggestions, and who worked out aip' 
checked sevcual of the numerical problems. Thanks are also di|ja 
to Dr. 'K. A. Guillemin, Instructor in Electrical Engineering, for 
reading and criticizing parts of the manuscript, to Messrs. E, 
Bramhall, L. A. Bingham, C. V. Bullen, 0. W. Walter, R. R 
Wright, and D. S. Young, formerly graduate students of electrical 
engineering, for calculating the numerical data used in the 
example in the chapter on synchronous-machine charts, and to 
Mr. H. F. Goodwin of Jackson and Moreland, Engineers, Boston, * 
Mass., for preparing some of the more important drawings. 
Last, but not least, the writer is indebted to 'the authors of 
those technical papers and manufacturers’ publications which 
have served as sources of materia’ during the preparation of tho 
manuscript. 0. G. C. Dahl. 

Oambiudoe, Mass., , , - 

J^dy, 1928 . ’ / , 
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SHORT-CmCUIT CALCULATIONS 

AND 

STEADY-STATE THEORY 

CHAPTER I 

CALCULATION OF SHORT-CIRCUIT CURRENTS IN 

NETWORKS 

There are, in general, two problems in network solution with 
which the electrical engineer has to deal, namely, (1) the deter- 
mination of voltages, currents, and power for normal operating 
conditions and (2) the determination of voltages and currents 
, during short circuits. 

Analytical solutions of complicated alternating-current net- 
works may be extremely laborious. This is particularly so when 
a network is fed by several generating stations and supplies 
numerous loads. Three methods of attack are available: (a) 
solution by simultaneous equations, (b) solution by trial and 
error, (c) solution by simplification of the network. In the 
following, the first two methods will be only briefly indicated. 
For a more thorough treatment, the reader is referred to other 
texts’^ and to the numerous papers^ on the subject in the technical 
press. The method of solution by simplification will be discussed 

^ Hbkzog, J. and C. Pblbmann, Berechnung Elektrischer Leitungs- 
netze in Theorie und Praxis,^' Julius Springer, Berlin, 1921. 

WooDEtri’F, L. P. ^‘Principles of Electric Power Transmission and Distri- 
bution, Chap. XIV, John Wiley and Sons, Inc., New York, 1925. 

® See, for instance : 

Woodward, W. E., E. D. Evans, and C. L. Fortescub, “Calculating 
Short-circuit Currents in Networks,'^ Elec, Jour.j p. 344, 1919. This article 
is divided into three parts as follows: 

1. “Testing with Miniature Networks,^’ by Woodward. 

2. “Analytical Solutions, by Evans. 

3. “Development of Analytical Solutions,*' by Fortescue. 

The methods presented in the last two parts are applicable also under 
normal operating conditions. 
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in more detail, as it is almost universally appIicMi in pravfieal 
short-circuit calculations. 

The first method involves the sotting' up of a sysfem af vector 
equations by applying Ohm's and KirchliofT’s laws. I 'port hav- 
ing established the equations, the unknowns arc‘ tkderntinc^d by 
simultaneous solutions. If the number of (Hpiat ions is large, f his 
process is an extremely cumbersome one, althougli tlie process of 
elimination may be shortened by the use of (kdenninants. 

In order to use the second method by whicli t h(‘ ertrrtHd solut ion 
is approached by steps, it is necessary to assunn^ values of (uirreni 
orpowerinoneor more branches of the network. It is intp<tssihk* 
definitely to outline the procedure to be follow(Hi witiuuit reftu’« 
ence to some specific problem. The calculations, liovvever, would 
as a rule, be in conformance with the following grvneral sehenie: 

Making use of the assumed values, calculations are (‘arrirn! 
out between points at which certain electrical eondilirmH are 
definitely known. This sometimes (particularly in siinph* loofi 
circuits) involves coming back to the starting point* If thf! 
electrical quantities calculated at the points at which condifioiiH 
are actually known check with the latter, a (correct soluthui is 
obtained. This shows, then, that the original assunipthnis in 
regard to values of current or power (or bol h) arc‘ corriHst* If, on 
the other hand, the known electrical condit ions a,r(^ not clwekecl, 
the original assumptions are obviously in (U’ror. The dim^nquot- 
cies between calculated and known conditions may this time Ik! 
used as a guide in correcting the initially assuruod values 
current or power, and the calculations nqxuiteKl If, upon 
recomputation, discrepancies bctw(Km cahnilatcHl (juantif i(‘s and 
known quantities still are present, a s(H;on(l adjustment c^f till! 
assumed values with a subsequent recompiitation is ncHMwary. 


Thomalen, a., ^^Zur zeiclinerischen Behandlung Ix’^lieljiger 
netze,’’ EleUrotek. Z,, p. 694, 1921. 

Chapman, F. T., '^The Calculation of Dinu'.t-tuirroril; and Altemafcirit- 
current Networks,” Elec. Rev. (London), p. 486, 1923. 

Bl^, D. K., ‘'Alternating-current Secondary N(‘fcw*ork«d* Ommul 
Elec. Rev., p. 391, 1923. 

Analytical Solution o^ Networks," Elm. Jow., 
Alternating-current Sciconclury Networks/' 

T’’ Berochnung (ilc^klrwoher I.<!itutig»- 

netze. EleUrotek. Z., p. 1405, 1927. 
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By proceeding in this manner, a correct solution is eventually 
reached. With some practice in the trial-and-error method, 
solutions sufficiently accurate for engineering purposes will, as a 
rule, be obtained after one or two recalculations. 

The two methods just described are general and applicable to 
any type of network, independent of whether the network is fed 
by one or more generating stations and supplies one or more 
loads. The third method, involving simplification of the network 
itself, however, is somewhat limited in its application. It is 
generally applicable only when the network is fed by a single 
generating station and supplies a single load. The solution by 
this method is obtained by reducing the network between the 
generating station and the load to a single equivalent impedance. 
This can always be done even if the network is complicated. 

So far, the discussion has been devoted to the solution of net- 
works for normal operating conditions. When it is desired to 
determine voltages and currents during short circuits, the same 
general methods may be applied.^ Usually, however, the solution 
for short-circuit conditions is a good deal simpler than for normal 
conditions. 

The determination of short-circuit currents is a frequently 
recurring problem in electrical engineering. It is necessary to 
know the short-circuit currents at various points in the network 
so that the proper size of circuit breakers may be selected. Dur- 
ing times of short circuit, the circuit breakers involved are called 
upon to stand the maximum short-circuit current which will flow 
and to interrupt the current after the elapse of a certain time. 
The currents which the breakers have to interrupt are usually a 
good deal smaller than the short-circuit currents which they carry 
initially. Even so, however, these currents may be extremely 
high and easily equal to many times the current which the breaker 
normally handles. The operation of many of the protective 
relays used in networks today also depends upon short-circuit 
currents. Hence, in order to enable the engineer to select and 

1 An excellent treatise on the general matter of short-circuit currents in 
networks is ^^tJberstrome in Hochspannungsanlagen,^’ by J. Bibemanns, 
Julius Springer, Berlin, 1926. 

The following papers disc.uss special short-circuit problems: 

Bmkkxt, S., ^‘Calculation of Short-circuit Ground Currents on Three- 
phase Power Networks,” Oen. Elec. Rev,, p. 472, 1925. 

Lewis, W. W., “Single-phase Short-circuit Calculations,” Cm. EUc. Rev., 
p. 479, 1925. 
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install the proper relays and to determine tluur wetting, kncnvleclgt^ 
of the values of the short-circuit currents is n(UK\ssa.ry, 

Since, as already mentioned, short-circuit calcuhU ions Iiave to 
be performed frequently, the methods should he as dinad. ami 
simple as possible. It is not essential to obtain tiie short-cinniit 
currents with extreme accuracy. If it were at-tcmiiptcai fo ohiain 
entirely rigorous solutions, the methods would iK'comc* c‘xe«M*d- 
ingly complicated and require an undue amount of tina*, 
the least. The fact really is that it would be impossible in most, 
cases to obtain rigorous solutions. .Kxi)eri('nc(‘ ]ia,s shown fha(. 
the approximate methods which are in common us(' a,n‘ stUIi™ 
ciently accurate for engineering purpose's. T[1 h'S(^ nu'lhods ha.v(' 
become standardized. They arc simple and n'adily api)Iit‘ahl(' 
even to complicated networks. 

When a short circuit occurs, the network will, a.s a rule, l>o 
supplying power to several loads. The first assmnpt ion whieh is 


made, in order to facilitate the short-circuit calculal ions, is t hnl 
the load currents may be ignored in comparison witli tlu‘ sluni,- 
circuit currents. As a rule, the short circuit is confim'd to a single^ 
point only at a time, and this is always assumed in ( h(‘ (xaletiln,- 
tions. It is further assumed that the impedances of (he short, 
circuit itself is zero, i.e,, a short circuit is always consideuxHl to l )e a, 
''dead short circuit in the true sense of th(^ word. 

If the network on which the short circuit occurs wen. Kuppli(‘.l 
by one generating station only, it is obvious tha(, (ho tnothod of 
simplification would be immediately applicable. In order to 
extend the applicability of this method also to tho general (.a.se 
where several stations supply the network, it is assumed tha(. (he 
mduced voltages at the various generating stations are. eciual ho(h 
in ma^tude and phase. Of course, this will not be (piiti' ( rue 
but the error introduced by this assumption should no(. he a 
serious one. When the assumption is made, howtwi'r, (,ha( ( lu> 
generator voltages are equal, all generators supplying (lie svs(em 
may be assumed connected to a hypothetical bus at which (he 
common voltage is maintained. The network may (hen he 
2 ^ A taipKliinco between the']iy,»,tl„.( i- 

bwl ■r*/ the eolutta 
obtamed by the method of simplification. 

and glne’S?s^n“i5Tu’ of transfornM.rs, 

to neglect resistance ^1 t I* ^^.s become customary 

, leakance, and capacitance of linos and 
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fccdens and to consider their reactance only. Similarly, the 
resistance of transformers and generators is neglected. The 
transformers are represented by their equivalent reactance, their 
exciting currents being ignored. The reactance assigned to the 
generators will be discussed in more detail below. Since the entire 
n(d;work contains reactances only, the handling of complex quan- 
tities is avoided during the process of simplification, a fact which 
evidently reduces the amount of labor in no small degree. 

Simplification of Networks. — There are three transformations 
available which may be used during the process of reducing a 
network to a single ecpiivalent impedance between two points. 
Usually it is necessary to simplify the network by steps through 
a repeated application of transformations. The three methods 
of transformation are given below. 

A-F Trivn^Jormation . — Whenever three impedances form a A 
or a three-cornered mesh, it is possible to convert this circuit into 
a Y or a three-cornered star.^ The two circuits (Fig. 1) will be 
eciuivahmt; as far as conditions at the terminals are concerned. 


/ 



Fia. 1. — Equivalent Y- and 
A“impedances. 


1 



A-admittancos. 


This means that the two circuits will offer identical impedances 
between any pair of terminals and will, for the same applied volt- 
age, absorb the same amount of active and reactive power. 

In terms of impedances, the conversion formulas are as follows : 


2^81-^12 

ZziZu 

(1) 

Z \2 + + 2^31 

M 


Z12Z2Z 

(2) 

Zi 2 + Z2Z + -2^31 

“ sz 


Z23Z31 

(3) 

Zi 2 + Z2Z + Zn 

“ 2Z 


^Kennully, a. E., *^The Equivalence of Triangles and Three-pointed Stars 
in Conducting Networks,” Elec, WorlcL and Eng. ^ Vol. X.XXIV, p. 413, 1899. 
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In terms of admittances (see Fig. 2), the convc^rHion formulae 
become 


ynViz + VnVn + VnV vz _ JV 

2/23 2/23 

2/122/23 + 2/232/31 + yziVn _ 

2/31 2/31 

2/122/23 + 2/232/31 4" 2/3t?/:t2 _ N 

2/12 1^12 


(^1) 

(h) 

(II) 


7-A Transformation . — If the given circuit is a Y or thna‘- 
cornered star, it may be changed into an eqiiivahuit A or ihret*- 
cornered mesh. In terms of impedances (refer to h'ig. !), ilie 
conversion formulas are 

^ Z^Z, + Z^Z, + Z,Z, N 

Zi 2 = == (I I 

^ Z1Z2 + Z2ZZ + ZiiZi N 

= ^ = (8) 

^ Z^Z, + Z^^ + Z,Z, N 

Z,, = (S); 


The conversion formulas in terms of admiftaiicc's Im*c<»ih‘ 


2/12 = 


yiy2 

yi + yi + 2/3 


2/23 = 
2/31 == 


2/22/3 


2/1 + 2/2 + 2/3 

2/32/1 

2/1 + 2/2 + 2/3 


ym 

^y 

2/2?/3 

^y 

y'.<ih 


(i(» 

( 11 ) 

(12) 


Star-mesh Transformation— Any star circuit may he convi'rtcti 
into its equivalent mesh circuit indepcncliuit of the numlter of 
rays in the originally given star. The converse theorem dofw iio<. 
hold, i.e., it is not, in general, possible to convert a general mesh 
circuit into its equivalent star.i 

Figure 3 shows a star with n rays and its equivalent mosh cir- 


cuit. 


The number of impedances in the mesh is ” (ra 

A 


L). 


the papCT “A New Network Theorem,” by A. Rohsn, Jour. I.A'.A'. 
(London), Vol. 62, p. 916. In this paper, Mr. Rosen firovchs Hu*, j^enrral 
coTOon from a star circuit to a mesh circuit. He derives the neeiwiry 
^^ulas and also shows that the mesh, in general, canimt, bo converted to a 
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terms of impedances, the general conversion formulas from star 
to mesh are 



Fio. 3.— Equivalent mesh impedances corresponding to a given star circuit. 


In terms of admittances, the corresponding equations become 


2/12 



2/i2/2 

2/i + 2/2 + • • 

• + 2/n 


2/13 

- 2/1^3 


__ ym 

2/1 + 2/2 + • • 

* + Vn 

^y 

Vnin 

2/m2/n 


_ Vmyn 

2/1 + 2/2 + • • 

■ + 2/n 

^y 


(16) 

(17) 

(18) 


Since these equations are general, they will obviously also hold 
for the Y-A transformation. It is easily shown that, if applied to 
this case, the general impedance equations reduce to equations 
(7) to (9), inclusive, and the general admittance equations to 
equations (10) to (12), inclusive. 


E3CAMPLE 1 

This example illustrates the solution of a simple network problem by the 
method of simplification. 

Statement of Problem 

Figure 4 shows a single-wire diagram (simplified) of a railway electrifica- 
tion with trolleys, feeders, and substations. 

The assumptions, much simplified, are as follows: 
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All circuits single phase. 

Distribution at 44,000 volts, approximately; trolley a,t 1 1 ,000 voIt«, appr< i * 
mately; 25 cycles. 

Transformers at each substation rated at 8,000 kv.-a., 4 p(‘r cenf renisf- 
ance, 7 per cent reactance. Neglect excitation. 

Trains, maximum input 6,000 kv.-a. at 80 per cent power farfor when 
trolley voltage is 11,000 volts. 

All 44,000-volt transmission lines two No. 00 c.op|H*r c.omhiefors .spataai 
6 ft. 

Trolley No. 000 copper conductor. Rail return. Negletd, n! 

rail and ground return. In computing trolley iu(hi(4;an(!(‘, eoMsider rt*l urn to 
be equal diameter conductor spaced 40 ft. N()t,(‘ that. Kuh.statton 8 is fed hv 
a single transmission feeder, while substations 1 and 2 ar(‘ led by two idein 
tical feeders. These feeders may be consichuxul to h(i on Hcparnli* pole linen. 


POlV£/? h 
57>Jr/OyVL 


.... 


-< 

'''feeder 


SUB- 

SUB- 

SIAM 

m.No.2 


U 

TroHet^-Track PosHhn 

' System of Train 

Fig. 4. Simplified layout of a single-phaHc railway (tc<;lriti<!atioin 


Consider train in the position shown and willi (^ontrolhT net mi thuf. 
impedances are those corresponding to Miaximum input. Compute Vdllagn, 

IHiwer Htniion 

Solution 

Circuit Constants: 

High-tension Feeders (No. 00 copper) : 

Eesistanoe* = 0.822 ohm /loop-mile 
Reactance' = 0.630 ohm/loop-milo 
Trolley-track System: 

Resistance' = 0.326 ohm/loop-milo 
Reactance = 2 t/^ 741 log.o ~ + 80.5^ 10-« 

= 2x X 25^741 logio + «0.6 j 10"« 

= 0.404 ohm/loop-mile 
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Substation Transformers : 


I rated 

Resistance 


8.000 X 1,000 

44,600“ 

44.000 X 0.04 
ISl.S 


= 181.8 amp. 
= 9.68 ohms 


Reactance 


44,000 X 0.07 
18L8 


16.92 ohms 


Referred to high-ten- 
sion side 


Train : 


7ratod 

Impedance 


6.000 X 1,000 

11 , 660 “ 

11.000 

'546 


546 amp. 

/cos-i 0.8 = 20.14/36°.9 ohms 


R,esistance = 20.14 X 0.8 = 16.11 ohms 
Reactance = 20.14 X 0.6 = 12.09 ohms 


SinhpUficatwn of the Network . — In reducing the system to a single, equiva- 
lent impedance l)etween tlie high-tension bus of the generating station and the 
train, all impedances will be referred to the high-tension side. Referring to 
Fig. 4 and to Fig. 5a, the impedances of the various sections become 


Zab 

Zao 

Zbo 

Zb/ 

Zed 

Zd& 

Zch 

Zfjh 


= (0.822 -h i0.630)12 = 9.864 +^7.560 ohms 
(0.822 4-i0.630)4 = 3.288 +i2.520 ohms 
« (0.822 +i0.630)8 = 6.576 +y5.040 ohms 
= (0.822 -l-i0.630)16 - 13.152 -hilO.OSO ohms 
= ZiHi ^ Zfu - 9.68 4-yi6.992 ohms 
= (0.326 + i0.404)42 x 8 = 41.76 +i51.68 ohms 
(0.326 +i0.404)42 X 6 = 31.32 +^38.76 ohms 
= (0.326 +i0.404)42 X 10 = 52.20 +^64.60 ohms 


By adding series impedances wherever possible, the network in Fig. 56 is 
obidiiiKui. The two A ’s ahe and 6c/i.will now be converted to Y’s, as indicated 
by the dotted lines. 

Conversion of ahe ^ ^ 

Zah == 9.864 + i7.560 - 12.44 /3 7°.5 
Zac = 3.288 +i2.520 = 4.14 /37^5 
Zbe - 6.576 +i5.040 = 3.30/3^^ 


XZ = 19.728 +il5.120 = 24.88^r^5 
4.14/37°.6 X 12.44/37^5 
24.88 737".5 ' 

= 1.644 +71.261 


Zai 


2.073/37^5 


Zbi == 


12.44/37°.5 X 8.30/3r.5 
"24.88737°T5““' 





4.14/37°.5 X 8.30/37^5 
24.88/37^5 


= 4.15/3775 
= 3.288 + 72.522 
l,382/37°.5 



= 1.096 +70.842 


£ OF 
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Fig. 5.^ — Diagrams showing successive steps in the rediK'.tion of the circuit in 
Fig. 4 to a single impedance between the power station and the train. 
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Conversion of hell 

Zu = 9.68 + yi6.92 = 19.50 /60^2 
ZhK = 75.03 +i91.60 = 118.6 /50°.7 
Zeh = 31.32 +/38.76 = 49.77 /51°.! 


'ZZ -.116.03 +jl47.28 - 187.2 /51°.8 


Zhi 

Zhi 

Zej 


19.50 /6Q°.2 X 118.6 /50°.7 
i87T2 75r°T8 

118.6^0°.7 X 49.77 /51°.! 
1^.2751°.8 


12.35/ 59°.! 
6.34 + ilO.60 

31.55/507.0 


49.77 /51°.l X 19.50 /60°.2 
i'87:275p:8 


- 20.28 +/24.19 

- 5.18/59°.5 

= 2.63 +i4.46 


Using these equivalent Y circuits gives the network (Fig. 5c) which 
immediately reduces to the series-parallel circuit shown in d. 


Ziic.)i = 55.17 +i73.90 - 92.2/53°.2 
Zi(^b)i = 9.63 4-il3.12 = 16.27/53°:7 


zz 

Zii 


- 64.80 + i87.02 - 108.7 /53°.3 
92.2/53°^ X 16.27/53°.7 

1687753^3" ' 


13.8Q/53°.6 


- 8.19+ ill. 11 

Substituting this impedance for the two parallel branches gives the circuit 
(Fig. 5c). By addition of the series impedances, the final circuit / is 
obtained. The equivalent impedance between the high-tension bus of the 
generating station and the train is, hence, 


= 30.11 +i36.56 ohms 


which referred to the low-tension side becomes 


z = Mry_±i§M® = 1.882 +,'2.284 ohms 

Current, Voltage, and Rower at Train . — The total impedance Zo referred to 
the low-tension side becornes 

= ^ + 2^^ « 1.882 +i2.284 + 16.11 +il2.09 

17.992 +il4.374 - 23.0Q /38°.6 ohms 

Train Current: 

7; y., 000/0 

Zo '23700738°.6 " 477.7\38°.6 amp. 

Train Voltage: 

Vt - ItZt - 477.7/^^ X 20.14 /36°.9 
- 9,620 /T°T volts 

Train Power: 

Pt - 477.72 X 16.11 X 10-3 == 3,680 kw. 
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Short-circuit Current Delivered by a Synchronous Machine. 

The currents which flow when a short circuit occurs uti a poitil. in 
a network will depend largely upon the general character <)f (lu' 
short-circuit currents in the synchronous niacliiiK's. \\ Ik'ii a 
short circuit is applied, the sustained short-circuit current, will, 
as a rule, not 'be established immediately. In geiu'ral, 11 h‘I'(- is a 
transition period during which the current cliangc's gradually 
from an initial to a final value (the sustained or st('a(ly-stat<' 

current). The current flowitig 
during the first inst.ants of (he 
— o ' 00000' transition period may easily be 

quite considerably grcuiter than 
Q the sustained curnmt. 

In order to get an undc'rstandi ng 

of the character of i,h<' short-cirenut 

Fig. 0.— .4 short circuit is suddenly Currents delivered by synchronous 

applied to the lumped impedance by machines, it is ludllful first to 
closing the switch , -i / i , 

review the case wlu're ti siioii- 
circuit is suddenly applied to a lumped irnpedamu'. {Vig. (>) of iixcnl 
resistance and inductance at one end of which a (ionslant sinu- 
soidal voltage is maintained. It will be assumed thaf< tJH‘ r(‘nel- 
ance part of this impedance is predominant and that th(‘ rc'sisi-aiuu^. 
is quite small. This is a condition which would obtain in a 
synchronous machine. 

When a constant sinusoidal voltage is impressed on a (u^nstant- 
impedance, it is easy to obtain a rigorous inathemat.ical solut ion 
for the current. The differential equation applying to this cir<nut 
is readily set up as follows: 

L~ +Ri ^ E^sm{c^t + 6) (19) 

As seen, this is a linear differential equation of the first order with 
constant coefficients, the solution of which may be expr(‘HS(*d as 
the sum of two terms.^ Referring to equation (20), which is 
the solution of equation (19), it represents the compixmumt.ary 

i = it + is (20) 

function and is the particular integral. In terms of el(KJtri(tal 
quantities, the former (it) is equal to the transient component of 
the current, and the latter (is) is equal to the steady-stat(^ (iurrent^, *• 

1 See any standard treatise on differential equations. 

2 The general problem of transients is treated in detail in Vol. II of this 
treatise. 
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It is well known that, when the linear differential equation is of 
the first order, the complementary function consists of a single 
exponential. The exponent is found by solving the so-called 
determinantal equation obtained by equating the polynomial of 
derivatives to zero. In this particular case, the determinantal 
equation becomes 

Lp + = 0 (21) 

where p represents the differential operator. The exponent^ 
hence, becomes 

p = -? (22) 


The solution for the particular integral, or steady-state current, 
is readily established by applying the ordinary alternating-cur- 
rent steady-state theory. The complete solution may, hence, be 
written 

i = Ae’~L^ d sixi { cot + 0 — tan~^ ) (23) 


The constant of integration A is determined by reference to the 
initial conditions. Assuming zero -initial current, this constant 
becomes 

A — mi (d — tan~^ (24) 

+ {o^LY \ Rj ^ ^ 

and the final solution is given by 


% = 


Em sin — tan-^ 


\/R^ + (coL)2 


€ L + 


E„ 




sin -f 0 — tan" 


R 




(25) 


As seen, the total current consists of a sinusoidally varying 
component superimposed on a component which decreases expo- 
nentially. The amplitude of the steady-state current depends 
only on the value of the applied voltage and the steady-state 
impedance of the circuit. The amplitude of the transient, on the 
other hand, in addition to depending on voltage and impedance, 
also depends on the point on the voltage wave at which the 
switch is closed, i.e., it depends on the angle d. Assuming that 
the resistance is small, so that the angle of lag of the steady-state 
current behind the voltage is nearly 90 deg., it is seen that the 
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transient will entirely disappear when the switch is closed (i.e., 
short circuit occurs) as the voltage wave passes through oiu^ of its 
maximum values (9 = 90 or 270 deg.). If, on the otlier hand, 
the switch is closed on zero voltage (0 = 0 or 180 deg.), the initial 
amplitude of the transient is equal and opposite to the inaxinium 
amplitude of the steady-state current. In this case, ther(>fore, 



Fig. 7. — The curve shows the steady-state current which will l>c‘ H(‘t. up 
diately in the circuit in Fig. 6 when the switch is closed as the applii'd 
passes through one of its maxima. 


the maximum possible total current will bo reached af(.er llu' 
elapse of a time corresponding to half a cycle. 

Figures 7 and 8 illustrate the currents in the two caH('a. In 1 In* 
former, the steady-state current is set up immcdiat(‘ly. In 
latter, the wave of total current is a completely “ofTw't" wav<s 
obtained by adding the exponential transient and th(? 8t.(xidy-.s(,ato 



Fig. 8. The curve shows the current which will flow in tlu< circuit in Fiy:. (i 
“ closed as the applied voltage passes through z<,ro. Mat lu,- 
matically this curve consists of a sinusoid superimposed on an exponential, 

Sinusoidal current. If the short circuit occurs at values of voltage 
intermediate between zero and maximum, a “partly offset” curve 
of total cmrent evidently results. 

If the reactance of the synchronous machine^ were a constant 
q^ntity, the character of the transients produced by a short 
ciremt (polyphase or single-phase) appHed at the machine 
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;erminals would be as discussed above, with the exception that, 
nathematically, the transients would consist of two exponentials 
nstead of merely one. This is due to the inductive coupling 
Detween the field and armature circuits. On account of the 
jhange in reactance, however, matters become more complicated, 
rnd a rigorous mathematical solution is not readily obtained. ^ 
When a short circuit is applied at such an instant that the 
transient disappears, the total current will have the shape illus- 
trated in Fig. 9. As seen, this curve is not offset from the zero 
ixis and may be looked upon as being symmetrical with respect 
:o the latter. It is furthermore seen that the amplitudes decrease 
as time elapses. This decrease is caused by the fact that the 
reactance increases from a low initial value to a much higher value 



Fig. 9. — Symmetrical short-circuit current doUverod by an a,lternator. Short 
circuit applied as the voltage wave passes througli a maxiniuiu value. 

for the steady state. Since the flux in the magnetic circuit of the 
machine cannot change abruptly when the short circuit is applied, 
the initial current will be limited by the total leakage reactance 
of the machine. This total leakage reactance is usually called 
the transient reactance and is, in machines without damper wind- 
ings, equal to the sum of the leakage reactance of the armature 
and the leakage reactance of the field. If damper windings are 
present, their effect must be taken into account and the value of 
the transient reactance modified. Furthermore, eddy currents 
set up in the field structure will also affect the value of the tran- 
sient reactance. In general, the armature leakage reactance will 
constitute the major part of the transient reactance. If the 
exact value of the transient reactance, therefore, is not known, the 
armature leakage reactance may be used in place of the transient 
reactance. As a rule, this will not give rise to appreciable errors 

1 Probably the most up-to-date and rigorous treatment of short-circuit 
currents in synchronous machines is given in Part IV of a recent paper by 
K. E. Dohbkty and C. A. Nickle: ^'Synchronous Machines, IV. Single- 
phase Short Circuits,’^ Jour. A.I.E.E.., 1928. 
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except, perhaps, in salient-pole machines without <liinip('rs. 
Furthermore, the discrepancies, if any, will b(! in a conservat ivo 
direction, since a reactance which is slightly too low is used. 

As time elapses, the armature reaction builds uj), a, ml (,h(> md, 
flux in the magnetic circuit decreases. The of tfiis is 

equivalent to a gradual increase in the reactance of llu' nuudiim*. 



Fig. 10. — Dissymmetrical short-circuit currciii (l(‘livorc(l by an aKcrnafor. 
This curve is completely offset and is obtained ■when tlio short cinnat, is apijlictl 
as the voltage wave passes through zero. 

The reactance finally becomes equal to the syiichronouH 
ance, and steady-state conditions arc obtaiiUHi. 

If the short circuit is applied in such a inaniKu- lhat tlu' tran- 
sient or exponential terms do not disappe^ar, ilw. I.of.al eum^nfc 
wave will be offset from the horizontal axis and, Ihuuh*, I)(» dis- 
symmetrical. The total wave may be looked upon as consist ing 



Fig. 11.— Dissymmetrical short-circuit current deliv(^r(‘d by an Hlb^rnator, 
1 his curve is not completely offset and is obtained when the short circuit is 
applied when the voltage has a value between zero and niaximum. 

of a symmetrical wave of the type shown in Fig. 9 sup(irimp<)Hc<l 
on the transient components. If the short circuit is applienl 4 is 
the voltage of the phase involved passes through zero, a com- 
pletely offset wave is obtained, as illustrated in Fig. 10. If the 
short circuit occurs when the voltage has a value between zero 

and masdinum, a partially offset wave will result, as shown in 

Fig. 11. 
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Although the complete story of a short-circuit current is given 
nly when the actual instantaneous values of current are known 
,t various times, it has become standardized practice in practical 
hort-circuit calculations to use effective or root-mean-square 
^alues exclusively. The total dissymmetrical wave of current is 
ooked upon as being made up of a direct-current component, 



/?. M.S. or E flecfive Value of Wave of Tola I Current 
Direct- Curreni Component 
Wave of Toia! Current 

R. hf. S. or E ffecfi've Value of Alternating-Current Component 
" Curve of Positive Crests 


Curve of Negative Crests 


12. — This diagram shows how tho direct-current and the alternating-current 
component in a dissymmetrical wave of short-circuit current are determined. 


vhich decreases with time and eventually disappears, and an 
ilternating-current component, the amplitude of which also 
lecreases as time elapses but which finally reaches a steady state. 
SVhen the total wave of current, as shown, for instance, in Fig. 
L2, is known, the direct-current component for any value of time 
nay be determined by drawing smooth curves through the rnaxi- 
num positive and negative amplitudes. These curves are 



Fig. 13. — Direct-current component in the current wave in Fig, 12. 


termed curves of positive crests and negative crests, respectively. 
By halving the vertical distance between the curves of positive 
and negative crests, the amplitude of the direct-current compo- 
nent is obtained, as indicated in Fig. 12, and also shown separately 
in Fig. 13. Each loop of the total current when considered with 
respect to the direct-current component is then assumed to 
represent one half-cycle of a sinusoidal current. Obviously this 
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is an approximation. The effective value of each of these iialf- 
cycles is calculated by dividing the maximum ainplif udes with 
respect to the direct-current component by s/'A. <'\iii.si(leriiig 
the first maximum in Fig. 12, for instance, the dirc'cf-tuirnuit^ 
component is given by 

Ia.o = AB (2(i) 


and the effective value of the alternating-current compoiKuit by 




BC 

V2 


(27) 


The alternating-current component plotted aloiu' will give a 
curve of the type shown in Fig. 9. It is likewise^ shown in hig. I -I , 
where a curve of the effective value also has beem drawn in. 'I'he 
effective value of the total current is obtained by eombiniug (he 



Pio. 14.— Alternating-current component in tho wave of Hliort-cirouit <uUTciit in 
Fig. 12. Both instantaneous and effective value's are shown. 


direct-current component with the effective value of the al(,(‘rnal - 
ing-current component for the various values of time. Obviously, 
the effective value of the total current is equal to the stiuart' nxd- 
of the sum of the squares of the effective values of the compo- 
nents. The combination is, hence, carried out in accordance 
with the following equation 


ieff. = 


Vi|.o. + /L. 




Decrement Factors.— The character of the short-circuit cur- 
rent which will be delivered by a synchronous machiiu! wlum a 
short circmt is applied at its terminals has been briefly desiu-ibed 
above. The short-circuit currents which will flow in a network 
mto which one or more generators feed wiU be of tho same general 
t^. On account of the impedance which the network itaidf 
offers, the^ short-circuit currents wfll obviously be lower than 
if the short circmt were applied at the terminals of the machines. 

shJrt rirmbf f w- applicable to general 

ort-circuit calculations, extensive tests have been perfomuid by 
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e manufacturers, particularly by the General Electric Company 
id the Westinghouse Electric and Manufacturing Company. 
b.ese tests comprised the determination of short-circuit currents 
slivered by machines of various ratings and designs for three 
neral types of short circuit, namely, 

1. Symmetrical three-phase short circuit. 

2. Single-phase line-to-line short circuit. 

3. Line-to-neutral short circuit. 

The short circuits were applied directly at the terminals of the 
achines and also with external reactance between the machines 
id the short circuit. The external reactance was varied so that 
range of total reactance, i.6., external reactance plus machine 
actance, between a very low value and 100 per cent, was cov- 
ed. Eeactances up to 15 per cent were inside the machines, 
id, for higher values, 15 per cent were inside the machines and 
le remainder external to the machines. 

The excitation used in all tests was that corresponding to full 
ad at 80 per cent power factor (lagging). I? has been previously 


ABLE I. — System Short-circuit Current Factors Applicable to 
Three-phase Short Circuits on Three-phase Systems 


rime 

tom 

stant 


Root-mean-square total current expressed in number of times 
full-load current for various per cent reactance 


01 

hort 

rcuit, 

conds 

5 

per 

cent 

8 

per 

cent 

10 

per 

cent 

12 

per 

cent 

15 

per 

cent 

20 

per 

cent 

30 

per 

cent 

40 

per 

cent 

50 

per 

cent 

60 

per 

cent 

75 

per 

cent 

100 

per 

cent 

).00 

35 

.00 

22.00 

17 

.75 

14.90 

12.00 

9.01 

6.00 

4.52 

3.55 

2.94 

2.36 

1.74 

).05 

21 

.18 

13.60 

11 

.10 

9.40 

7.74 

5.89 

3.98 

3.04 

2.41 

2.03 

1.64 

1.23 

).08 

18 

.15 

11.65 

9 

.50 

8.15 

6.72 

5.14 

3.50 

2.89 

2.15 

1.81 

1.47 

1.11 

3.10 

16 

.50 

10.70 

8 

.81 

7.52 

6.22 

4.79 

3.28 

2.54i 

2.03 

1.72 

1.40 

1.06 

3.15 

13 

.48 

8.85 

7 

.36 

6.32 

5.30 

4.13 

2.87 

2.26 

1.83 

1.56 

1.28 

0.981 

3.20 

11 

.90 

7.86 

6 

,56 

5.66 

4.82 
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3.25 

10 

.54 

7.10 

6 

.00 

5.20 

4.45 

3.53 

2.52 

2.01 

1.66 

1.42 

1.18 
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3.30 

9 

.56 

6.50 

5 

.55 

4.85 

4.19 

3.35 

2.42 

1.94 

1.61 

1.39 

1,16 

0.904 

3.40 

8 

.33 

5.80 

4 

.96 

4.38 

3.83 

3.10 

2.28 

1.86 

1.55 

1.35 

1.13 

0.888 

3.50 

7, 

.30 

5.15 

4. 

,48 

3.99 

3.52 

2.91 

2.18 

1.79 

1.51 

1.32 

1.11 

0.877 

3.70 

5 - 

.94 

4.35 

3. 

,84 

3.48 

3.13 

2.64 

2.04 

1.70 

1.45 

1.27 

1.08 

0.862 

LOO 

4. 

,60 

3.55 

3. 

24 

2.98 

2.75 

2.38 

1.90 

1.61 

1.39 

1.23 

1.05 

0.843 

1.50 

3. 

42 

2.90 

2. 

70 

2.56 

2.43 

2.17 

1.78 

1.54 

1.34 

1.19 

1,03 
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2. 

72 
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2. 
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2. 

00 
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2. 

00 
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2.00 

1.88 

1.63 

1.44 

1.28 

1.15 
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stated that the magnitude of the short-circuit currcmt dt'ponds 
largely on the value of voltage at th(^ instiiiit thf' sIjoiI cirriul 
occurs. In order to be on the conservafvivc sides it is ad\'isni»|t^ 
to figure with the maximum possible value's. In all flu'sc^ frsts, 
therefore, whether symmetrical thr('e-pha,s(^ or siuglt'’ pbaNr, 
short circuit was applied in such a maniu'r that luaxinunii fHissif ?If* 
current was obtained in at least one phase. Oseallt^graius of fids 
current were taken and analyzed for their roof-rnrsn iiiisn* 
values of current in the manner previously dt'scu’ilH'd. hi this 
way, it was possible to plot a series of curves of mof nimn ’oitruv 
values of short-circuit current verms iinu' for difIVnau 
values of reactance. 


Different types and sizes of machiiKss would obvioiinly givt» 
somewhat different values of short-csircuit cauTcuh 1 ‘ho tesiH 
results, however, were compared by tlu^ uumufacturers irsp^ uisihio 
for the tests, averaged up, and a set of vjdiK'S sidected wiiiclt wit,H 
considered representative of the s[iori.~(nr(uut mrmtlH wldcli 
machines of average design would d('liv('r. Tlicso daf a in I ho 

Table IL — System SiroRT-cmcuiT CiruuENT PAfToim rn 

Single-phase Line-to-hne 8h.oht-cih(!uith on I'lntKK-ru AoK »Si ^ 


Time 

from 

instant 

of 

short 

circuit, 

seconds 


lloot-mcan-squarc totjil curn^iit oxpn'HWHl in ntunliiT of Itmi-ji 
full-load current for varions por cent rtvnrffinro 


0.00 

0.05 

0.08 

0.10 

0,15 

0.20 

0.25 

0.30 

0.40 

0.50 

0.70 

1.00 

1.50 

2.00 

3,00 


per 

cent 


8 

per 

cent 


10 

per 

cent 


12 

p( 5 r 

cent 


35.00j 

121.801 

18.53 

16.93 

13.92 

12.30 

11.08 

10.18 

8.96 

8.01 

6.73 

5.46 

4.41 

3.69| 

3.00 


22.02 

14.00 
12.02 
11.10 

9.32 

8.36 

7.66 

7.15 
6.45 
5.89 

5.15 
4.42 
3.81 
3.40 

3.00 


17.82 

11.46 

9.90 

9.18 

7.80 

7.09 

6.55 

6.15 

5.62 
5.20 

4.63 
4.08 
3.62 
3.30 
3.00 


14.88| 

9.691 

8.43 

7.85 

6.75 
6.19 

5.76 
5.45 
5.04 
4.71 
4.27 
3.84 
3.48 
3.23 
3.00 


15 

p(ir 

cent 


20 

per 

C(‘nt 


30 

p<T 

Icent 


I12.O0I 

7.95 

7.01 

6.56 


16.071 

|5.38, 

15.07 


|9.0l|(i.0() 
4.121 
3.691 
|3.50: 


5.87 4.501 
5.314.21, 
5.00 4.001 
4.79 3.86 


4.48(3.67 2.73 
2.66 
3.31 2.57 
13.12 2.481 


4.24 

3 . 92I 

3.61 

3.35 

3.17 


12.891 

82 


40 

per 

henf 

4 , 52 
(3,15 
2.84 
'2.70 


50 

fw*r 


60 

prr \ 


firr 


t‘i‘rU n-jU V* ),}■ 


Hill 

' fii'f 


5 1 t,; 
! *,f5 { 


16 { 

3. 16 2.47il .99 I 
3.00 2,36 1 .96 { 
2.29 1.864 
2.25 I .824 


19;l .79 1 
|2.15!l,77d 


2.10 


2.95 2.40 
2,84 2.35 


3.00 2.73 2.301J5jl4l4il. 


1 


2,05 I /;u4 
2.014 r.s 1 
4.98! I 456 1 


’ *Xrr 46 I , I 
' OS I I : 

004 .41 !1 
80 1 U I Of, 
6 / 1 

60 1 4 !u} 6 1 
.161 [K' 

.'4 1 9 1 6 ItU 
51. 1 :.4 n 
49 1 ;m»o ,s; 
4# I | h6 ,s»; 
15' f h;o W 

151 i;. o v„; 

11 1 1 S O v:? 

'toll , lajo «f 
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form of tables and curves^ are now available for the engineer who 
has to perform calculations of short-circuit currents in networks. 

Instead of giving actual currents in amperes and reactances in 
ohms, the former are given in terms of rated current of the 
machine involved and the latter in per cent based on the rating. 
In this manner, the data are immediately made applicable to all 
sizes of machines. The factors which indicate the number of 
times rated current which will flow are called decrement factors. 
Tables I, II, and III give the decrement factors for symmetrical 
three-phase short circuits, single-phase line-to-line short circuits, 
and single-phase line-to-neutral short circuits, respectively. 

It should be carefully noted that Table III of decrement factors 
for single-phase line-to-neutral short circuits is of limited appli- 

Tablb III. — System Shokt-circuit Current Factors Applicable to 
Single-phase Line-to-neutral Short-circuits on Three-phase 

Systems^ 


Time 

from. 

instant 


Root-mean-square total current expressed in number of times 
full-load current for various per cent reactance . 


01 

short 

circuit, 

seconds 

5 

per 

cent 

8 

per 

cent 

10 

per 

cent 

12 

per 

cent 

15 

per 

cent 

20 

per 

cent 

30 

per 

cent 

40 

per 

cent 

50 

per 

cent 

60 

per 

cent 

75 

per 

cent 

100 

per 

cent 

0.00 

52.90 

33.40 

27.10 

22.70 

19.30 

12.80 

7.67 

5.49 

4.05 

3.28 

2.54 

1.85 

0.05 

33.00 

21.25 

17.48 

14.80 

12.80 

8.75 

5.39 

3.91 

2.93 

2.38 

1.85 

1.35 

0.08 

28.50 

18.40 

15.20 

12.89 

11.30 

7.85 

4.85 

3.55 

2.68 

2.20 

1.70 

1.23 

0.10 

25.70 

16.90 

14.05 

12.06 

10.52 

7.38 

4.65 

3.42 

2.58 

2.10 

1.64 

1.19 

0.15 

21.30 

14.40 

12.10 

10.50 

9.35i 

6.65| 

4.29 

3.20 

2.41 

1.98 

1.52 

1.09 

0.20 

18.80 

12.87 

10.95 

9.60 

8.58 

6.25 

4.10 

3.07 

2.34 

1.91 

1.49 

1.07 

0.25 

17.10 

11.90 

10.10 

9.10 

8.10 

6.00 

3.99 

3.01 

2.30 

1.89 

1.47 

1.05 

0.30 

15.80 

11.10 

9.50 

8.60 

7.80 

5.85 

3.95 

2.96 

2.29 

1.87 

1.46 

1.05 

0.40 

13.90 

10.06 

8.83 

7.96 

7.28 

5.59 

3.86 

2.94 

2.28 

1.86 

1.45 

1.03 

0.50 

12.60 

9.32 

8.20 

7.50 

6.89 

5.46 

3.80 

2.9ll 

2.26 

1.85 

1.45 

1.02 

0.70 

10.60 

8.19 

7.42 

6.88 

6.46 

5.18 

3.73 

2.87 

2.25 

1.85 

1.44 

1.02 

1.00 

8.71 

7.14 

6.63 

6.22 

6.00 

4,95 

3.66 

2.84 

2.24 

1.84 

1.42 

1.01 

1.50 

7.17 

6.27 

5.98 

5.77 

5.61 

4.76 

3.60 

2.81 

2.23 

1.84 

1.41 

1.01 

2.00 

6.11 

5.67 

5.53 

5.43 

5.35 

4.67 

3.56j 

2.80 

2.23 

1.83 

1.40 

1.00 

3.00 

5.10 

5.10 

5.10 

5.10 

5.10 

4.51 

3.52j 

2.78 

2.22 

1.83 

1.40| 

1.00 


1 Note the limited applicability of the factors in this table. See statement on p. 22. 


^ Some of the manufacturers^ publications contain this information. 
See also '‘Relay Handbook/' published by the National Electric Light 
Association, New York, 1926, and the paper "The Application of Decrement 
Factors in Short-circuit Studies," by W, R. Woodward, Elec. Jour. p. 213, 
1924. 
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cation in practice. It can be used only with Y-eoniu*eted 
generators and then only when (a) the neutral {xtintH <tf all 
generators are solidly grounded and distrihulion lakr.x plaei- at 
generator voltage or (b) all transformer connections are V-V 
with secondary neutral points solidly grouiuhal and wit h prim.ary 
and generator neutral points interconnected. 'I'ln'i-e are hut few 
systems in operation which would fully conform with the.«t* 
specifications as to connections' and grounding. 

Application of Decrement Factors. — Practicid .short-circuit 
calculations making use of the experiment, a.lly determined decre- 
ment factors involve, as already stated, sevend tussumpt ions, At 
this point, these may appropriately be summiirizt’d, as folhius; 

1. Transient characteristics of generators of normal design. 

2. -The effect of resistance, leakance, and caii.-icilance is 
neglected. 

3. The impedance at the point of short circuit is z<‘i'o. 

4. The excitation of the generators corre.s])onds to full haul at 
80 per cent power factor (lagging). 

5. The short circuit is established at the point, of the vo|tagi‘ 
wave giving maximum possible instantaneous current . 

6. There are no voltage regulators. 

7. All reactance values up to and including I.') jx'r cent are 
inside the generators and, for higher values. If) per emit inside I hi* 
generators and the remainder e.xtcrnal to the gmierutors. 

If a single synchronous machine supplies a short clnmit f hrough 
an external reactance and it is desired to det:ermine tlie amount of 
current which flows after the elapse of a certain time (/„), t he pro- 
cedure will obviously be as follows d 
The total reactance to the point of short circuit is first- deter- 
mined. This reactance equals the sum of the external ri'aet ance 
and the transient reactance of the machine. In adding (hesii 
reactances, they are both expressed in per cent, fireferahly on a 
base corresponding to the kilovolt-ampere rating of f lte imieliin.!. 

The proper table of decrem^t factors is entc'nsl with the 
percentage total reactance and the time at which the short-circuit 
current is desired, and the decrement factor selected. 'I’lie rated 
current of the machine times the decrement factor is thmi eitual 
to the root-mean-square value of the short-circuit current which 
will flow at the elapse of the specified time. 


* 'WOODWAHD, W. R. ; 
dremt Studies,” he. at. 


The Application of Decrement Factors in Khort- 
See also “Relay Handbook," he. eii. 
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If it is desired to determine the initial symmetrical value of the 
short-circuit current, this can be obtained by dividing the rated 
current by the percentage reactance and multiplying by 100. 
Hence, 


lo 


X 100 
Zo 


(29) 


de/7. Sfcfiion 

(7\ 




Oen.Sfafhn 



where Jo represents the initial symmetrical short-circuit current 
and Xo the total reactance to the point of short circuit. That 
the equation is correct may be appre- 
ciated from the following considera- 
tion: If the reactance were 100 per 
cent, evidently rated current would 
flow, assuming that the internal volt- 
age of the machine has its rated value. 

When the reactance is different from 
100 per cent and the internal voltage 
normal, the ratio of the current which 
actually flows and the rated current 
must obviously equal the inverse 
ratio of the actual reactance and the 
100 per cent reactance. 

When a short circuit occurs on 
a network, the short-circuit current 
will, as a rule, be supplied from several 
generating stations. ^ There are two 
methods of applying the decrement 
factors in such cases. Either a single decrement factor may 
be applied to the synchronous machines lumped, or else a 
separate decrement factor may be applied to each station. In 
order to' illustrate these methods more fully, the layout shown 
in Fig. 15 will be considered. This layout involves two generating 


A/|V\ 


P.o/nfof 
Short C/rcu/'f' 


SabstoiHon 
— t'*' Bus 


"Feeder 


Fig. 15. — Simple two-station 
system used in discussing applica- 
tion of decrement factors. 


1 If, in one or more of the stations or at other points of the system, there 
are large synchronous motors or condensers operating, these machines may 
be treated as generators for the first few seconds after the occurrence of the 
short circuit. Owing to their inertia, they will continue to run at syn- 
chronous speed for a short time and will, during this period, supply current 
to the short circuit as if they were operating as generators. After a while, 
these machines will slow down and eventually come to rest. Much before 
this happens, however, their own circuit breakers may have opened and dis- 
connected them from the system. In no event, therefore, will the syn- 
chronous motors or condensers contribute to the sustained short-circuit 
currents. 
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Stations only but serves to illustrato tlie principl.'s, siiuv oxad ly 
the same methods apply when any numlx'r of sta( ions supply f ho 
network. In Fig. 15, a short circuit occurs on a h'oilor a {•orfaiti 
distance from the bus of a substation. General ing .st.nlion .1 
supplies power to the substation over a higli-lvnsion^ f ransmission 

line with step-up and step-down tran.sfornu'rs. Slation /i, loeateil 

near the substation, supplies power to fh('. latier over a i>ank of 
step-up transformers. 

Figure 16 shows a diagram of the reactances involv<‘il. Both 
stations are connected to a common hypothetical bus a( w hieli t he 
normal voltage of the short-circuited feeder is assumed to he 
maintained. The reactanc(‘s .In and IL- reii- 
resent the transient, naictances of tlie two 
stations. The reactances nb, nl, a,nd at rei>- 
resent the three banks of transformers; the 
reactance he the transmission line: .and th(» 
reactance df the bsHh'r between tlie sul>- 
station bus and the. point, of short eiiaaiit. 



AH 


<x 


Fig. 16. — Reactance 
diagram of the system 
in Fig. 15. 


1 / 

Fig. 17.- — Fqiiivalout rciactaiu’ct of tho in 

Fig. 15. 


These reactances should all be expressed in p('r (sent, on a eotninon 
kilovolt-ampere base. The selected kilovolt-ampere base may Iki 
taken as the rating of either generating station, jus the ('ombined 
rating of the two stations, or be selected arbit.rarily. When the 
layout involves several generating stations, an arbitrary biw' of 
suitable size is most commonly used. 

The network reactances are next combined so thaf. (he cirtniit 
is reduced to a single reactance between the hypol.hetical bus 
and the point of short circuit, as shown in Fig. 17. 'I'liis proci'ss 
of reduction must always be gone through indep<‘mlent of the 
method of application of decrement factors used. 

Method 1. Application of Decrement Factors to the System 
Lumped. It will be assumed that the rcactanc<*8 havr* b(‘(m eat* 
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ilated on an arbitrary kilovolt-ampere base different from the 
.ting of either station and also different from the combined rat- 
gs of the stations. Let the total reactance on this base be Xq. 
If a single decrement factor is to be applied to the two stations 
)mbined, the per cent total reactance must be converted to a 
a.se equal to the combined capacity of the two stations. When 
le voltage is unchanged, the per cent reactance is directly pro- 
Drtional to the kilovolt-ampere base. Hence, the per cent 
iactance based on the total rating of the machines is given by 

Rating of machines 


X' = Zo 


Xo 


Base kilovolt-ampere 
A + B 
Base 


(30) 


The proper table or curve is now entered with the reactance 
"q and the decrement factor (k) corresponding to the desired 
me (to) selected. The short-circuit current which will flow at 
le elapse of the time to is then given by 


kl 


rated 


(31) 


Method 2. Application of Decrement Factors to Each Generat- 
ig Station Separately. — Also, in this case, let the total reactance 
alculated on some arbitrary base be Xo. In order to determine 
tie proper decrement factor which should be used for each 
bation, it is necessary first to calculate the initial symmetrical 
urrent in the short circuit by equation (27). All stations 
ontribute their share to this short-circuit current. The amount 
rhich each station supplies is next determined by properly 
pportioning the total current (Jo) between the stations. In the 
articular case under discussion, the initial symmetrical short- 
ircuit currents supplied by the stations A and jB, respectively, 
,re given by 


T _ T XbA 

*0(^4.) *0 -y- 1 y 

(32) 

•f y Xjici 

-*0 y 1 y 

(33) 


Making use of the initial symmetrical short-circuit currents, an 
quivalent reactance between each station and the point of short 
ircuit is calculated as follows: 


Xo(A) 

Xo(J5) 


Jrated(.d ) X lOQ 

Jo (A) 

fratod(B) X 100 
Jo(5) 


(34) 

(35) 
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Since these reactances arc coinpul(Hl l)y nicans f!ii* raffil 
currents of the machines, they a,rc obl.aiiicai on flie kiI(ivoIf« 
ampere base of the respective machines. Thc^ laI>h‘H ur cnirves 
of decrement factors may, therefore, be (mt.m-cHl with tliese 
reactances and a separate dGcrenuml factor sc'Iedei! for eacdi 
station at the desired time. The short, -circuit currcml wliich eaeh 
station delivers after the elapse of this tiim^ is tluui obtained by 
multiplying the rated current of that, partleul.-ir station by its 
decrement factor. Letting fet and ku n'pn‘S(‘iit the* derrefuont 
factors of the two stations, the sliort-circuit curnmts at the timi^ 
jto are given by 

■^8.0. (*4.) k j[I x:u.U\diA) (»hl) 

/h.o.C/C = knlviiitHl(H) (*I7) 

The total current flowing in the sliort (iircuit, is obvihnisly givrai 
by the sum of the currents supplied by eacli inacdune. Ilmiee, 
Ib.o. ~ I».o.(A) “!“■ knAi.iJi) (*kS| 

In carrying out calculations of this type, it is <’on\ imitmi , 
particularly when the system involves s(‘V(‘ral gcrHa-.'i i i na, hI at 
to arrange the calculations in tabular form. A suitaidt* Kcdteiiie 
is suggested in Table IV. 


Table IV. — SiioKT-<uii{!iriT ( 'ALcniLATioNs 


Station 

Amperes at norma, 1 
voltage 

Kated 

Inituil 

syniinetritial 

A 



B 



(Kniivjih^nt 


At finie 


DiHrrcmrat 

fn,c*t4>r 


Stiort- 
e inn I It. 
foiipori’H 


^ V.. VX.V. uYvv uotsuinoeu apove lor itfiplicnt- 

tion of decrement factors, the first one in whicli tins <l(H!r<‘»K*iit8 
are applied to the system lumped is the easier omi. Urn sc^^iui 
one mvolves a good deal more labor. The question tlmn arl^s 
which one is preferable in a practical case. 

Neither method is rigorous even if the general as.-mn.,,(ic,n.s 
^which these short-circuit calculations rest are iliKreganled. 

ned, the fact that large and small stations, in gcmeral, li.-ive wid.-I v 
different decrements is not properly taken into account. Honoo, 
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a/curacies are obviously introduced by lumping the stations, 
f on the other hand, a separate factor is applied to each station, 
e voltage drops in the various branches of the circuit may not 
dance up at all values of time. Inaccuracies may consequently 
5 anticipated also with this method. 

It is difficult to predict, in general, which method will give the 
itter results. It may be said that, as a rule, the first method 
II give slightly higher values of currents than the second, 
'om this standpoint, the former is preferable in that conserva- 
le results are obtained. Although this will be so in most cases, 
may not be universally true. In cases where a large station of 
w reactance is located in the immediate neighborhood of the 
unt of short circuit, currents calculated by the second method 
ay actually be larger than those calculated by the first method, 
irticularly at small values of time. Ordinarily, however, the 
ro methods give results that are very close together. This may 
! seen, for instance, by comparing the results in Example 2 
stained by computations based on both methods. 

Since, as already stated, the first method is the easier and 
orter one, it is also the one which is most frequently used in 
actice. 

Solutions by Calculating Table. — In spite of the simplifying 
sumptions, calculations of short-circuit currents in complicated 
stworks require considerable time and labor. This is obviously 
great disadvantage where a frequent check-up on short-circuit 
rrents is necessary, which is the case whenever new extensions 
id load additions to a system or installations of new circuit 
eakers and additional equipment are planned. 

In order to facilitate determination of short-circuit currents, 
Iculating tables^ have been used quite extensively. These 
1 Lewis, W. W., “Calculation of Short-circuit Currents in Alternating- 
rrent Systems, Gen. Elec. Rev.j p. 140, 1919. 

WooDWAED, W. R., R. D. Evans, and C. L. Fortescue, “Calculating 
orVcircuit Currents in Networks,’' loc. cit. Part I of this article (by 
podward) discusses testing with miniature networks. 

Lewis, W. W., “A New Short-circuit Calculating Table,” Gen. Elec, 
v.j p. 669, 1920. 

Corbett, L. J., “ A Short-circuit Calculating Table,” Elec. World j p. 985, 
22 . 

Dillard, E. W., “A Short-circuit Calculating Table,” Elec. World^ 
797, 1923. 

ScHURiG, 0. R., “Experimental Determination of Short-circuit Currents 
Electric Power Networks,” Trans. A.LE.E.j p. 10, 1923. 
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consist of a combination of resistances conned ed so as to n'pre- 
sent the network under consideration. Sinc(' in pracf ieal .short- 
circuit calculations reactances only are considcurd, il is po.ssihle 
to represent these on the calculating tal)le by puiv resist ance.s ainl 
to use direct current. At points where gein'ratiiiK stations feed 
into the actual network, the proper direct-current voltuRes are 
impressed on the miniature system, d'lu' currents are then 
simply recorded by direct-current amnu'ti'rs. 

When a calculating table of this tyiu' is used, it is obviously 
possible to obtain values of current for any number of simulta- 
neous short circuits, if this is desired. Ordinarily, however, ;ishort 
circuit occurs at one point only at a time, so that, as a rule*, a 
single short circuit is all that has to be considered. The currents 
measured will represent either initial .synunet rival sln<rt-<’ireuit 
currents or else sustained short-circuit eurnuits. It all depeniis 
upon the values of resistance used to represemt the getieralor 
reactances. If values corresponding to transient. reaet:uice.s art^ 
used, the initial symmetrical short-circuit currents will lx* meas- 


ured. If, on the other hand, the generator n'sist anees are adjust cd 
to correspond to synchronous reactances, sustained short -einniit 
currents will be obtained. It is thus S(‘('u lha,t the (‘.nlculating 
table does not give the solution at the elaps(> of a (rerfaiu time 
interval. If this is requirbd, decrement factors must be applied, 
as in the ordinary analytical solution, d’lu^ (‘(luivalent reactauce 
(or reactances), however, with which t,h(! (hsTcnnmt tattles are 
entered can be determined by means of the valu('.s of current 
read on the calculating table. 


Sometimes the calculating table is permaneully set up to 
represent a specific system. This is the simph'st and involves 
resistances of fixed values only. Many operat ing com j la tt itvs who 
use calculating tables for short-circuit dett'.rminatiou luive t ables 
of this type. As their systems are cxt(!nd(td, t.lu'y simitly juld t he 
necessary fixed resistances on the calculating f.ahle in order to 
keep the miniature system up to date. 

It IS obviously also possible to construct calc.ulat ing 1 aides with 
a number of variable resistance units. By a Cftnvmiient plug 
boMd or dial arrangement, these resistance's may b(> (suubineel 
and connected so as to represent any arbitrary .sysi.cm c,r ludwork 
within the range of the table. Such calculating 1,alde.s hit flo.i{ibIo 

'c dfitormination of shdrt-cirmrit 

currents is not confined to any specific system. Honui of the 
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manufacturers and consulting-engineering offices have calculating 
tables of this type. 

Recently it has been proposed to extend the use of calculating 
tables also to the solution of networks under normal operating 
conditions.^ In order to make this possible, the miniature sys- 
tem must be built up of impedance units instead of merely resist- 
ances, and alternating currents must be used instead of direct 
currents. The loads in such a system are represented by imped- 
ances. The generating stations, and other synchronous machines, 
such as motors and condensers, cannot, in this case, be simulated 
merely by impressing an alternating voltage of the correct 
magnitude. It must be ascertained that the voltages also have 
the correct phase displacement relative to each other. This can 
be done by using phase shifters^ to represent the synchronous 
machines. By these phase shifters, voltages of the correct 
magnitude as well as phase displacement are obtained. 

In addition to being useful for the determination of voltages, 
currents, and power under normal conditions, the alternating- 
current calculating table will obviously also give the solution of 
short-circuit problems. It should actually be superior To the 
direct-current table for the latter purpose, since it makes it pos- 
sible also to take resistance into account. Furthermore, its use 
eliminates the necessity of the assumption that all generator 
voltages arc in phase. 

EXAMPLE 2 

Statement of Problem 

Four generating stations A, B, (7, and D feed into a transmission network, 
as shown in the sketch. The nominal voltages of the various parts of the 
system, as well as the reactances of the interconnecting lines, are indicated 
on the diagram. Fig. 18. All reactances given are on a 20,000-kv.-a. base. 

Assuming a short circuit on one of the 22-kv. feeders in power station A, 
it is desired to determine the amount of current that the switch S will have 
to interrupt after a time of 0.2 sec. 


1 ScHUEiG, O. R., ^^The Solution of Electric Power Transmission Problems 
in the Laboratory by Miniature Circuits, Gen. Elec. Rev.^ p. 611, 1923. 

,, “A Miniature Alternating-current Transmission System for 

Network and Transmission-system Problems,'^ Trans. A.I.E.E., p. 831, 
1923. 


Spencee, H. H., and H. L. Hazen, “ 
Systems,” Trans. A.I.E.E. p. 72, 1925. 


use Lib 
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Equipment in Station A: 

Two SjOOO-kv.-a. generators with 18 per c('n{, ivarlaiu'o. 

One 7,812-kv.-a. generator with 25.6 per (a^nt nau^faraMa 
One 7,500-kv.-a. synchronous condonsor with 85.4 par caaif nairffitua'. 
The two-circuit transformer in this station has (>.4 p<a’ tMaif anro, and 
each of the three-circuit transformers has 5.7 pea- (‘(ait ivarpanar Ih*! wiaai the 

66- and 22-kv. windings; 6.3 per cent naiciarua* hviwum t!io 6fi and I kv. 

windings; and 5^ per cent reactance between (h(‘ 22- and 4-kv, windiiigiH. 


S.S 



Fig. 18. Single-line diagram showing layout of powta‘ nyiiftail eimtidiiiuR 
four generating stations and a substation. Tlui; short “(dnatit eideulatiiiiw hi 
Example 2 are based on this layout. 


Equipment in Station B: 

One 37,500-kv.-a. synchronous goncirator with 5.3 per (and 
The transformer in this station has 4.4 peu* (uait naaytrtmaa 
Equipment in Station C: 

Total capacity of synchronous maohim^ry 47,050 kv.-a. wif li nmidfiric’e of 
4.71 per cent. 

The transformers in this station have 5.4 per cent nwitanon. 

Equipment in Station D: 


Total capacity of synchronous machinery 134, 5(K) kv.-a. witli •■oinhiiwd 
reactance of 2.13 per cent. 

transformers have 58.(i per cent rimctantw 
each, two have 19.8 percent reactance each, ami omt has 12.9 ix-rwint react- 
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ance. The seven transformers are identical, each having 24 per 

cent reactance. 

Equipment in Substation E: 

The two ®J^ 2 “kv. transformers in this station have 13 per cent reactance 
each. 

The various loads connected to the system have not been indicated, as 
all load currents are to be neglected as compared to the short-circuit currents. 
The magnitude and phase of the voltages at the generating stations will be 
considered the same; in other words, all generators may be assumed con- 
nected to one common bus. 


Solution 


Total reactance of synchronous machines in station A 


1 

25.6 


-I--?. 

^18 ^ 85.4 


6.18 percent 


Each of the three-circuit transformers in this station may be replaced by 
an equivalent Y-connected network (see Chap. II, equations (70), (71), and 
(72)). Designating the 66-kv. winding as No. 1, the 22-kv. winding as No. 
2, and the 4,000-volt winding as No. 3, the reactances to be assigned to the 
branches of the equivalent Y become 


5.7 -h 6.3 - 5.7 
2 “ 

5.7 + 5.7 ~ 6.3 
2 

6.3 + 5.7 - 5.7. 


3.15 per cent 
2.55 per cent 
3.15 per cent 


Total reactance of the seven 6Jj(j^-kv. transformers in station D 

^ = 4 05 per cent 

58:6'^19:8"'T2':9 


Total reactance of the group of four transformers in station D 

2^^ = 6.0 per cent 


Total reactance of the group of three ^Jj^i-kv. transformers in station D 

= 8.0 per cent 

Using the values calculated above for machine and transformer combina- 
tions in conjunction with the rest of the data given on the layout (Fig. 18), 
the circuit diagram (Fig. 19a) results. By going through the steps indicated 
in Fig. 19a to g, the circuit is reduced to a single reactance between a hypo- 
thetical 22-kv. bus and the point of short circuit. This reactance is 4.63 
per cent. 

Base current == = 525 amp. 

V3 X22 ^ 

Initial symmetrical short-circuit current corresponding to 4.63 per cent 
reactance 


0 


525 X 100 
4.63 


= 11,340 amp. 
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/0J5 
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1 

ri 

h 


IS 

k/^ 

1 

w 
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AD DC 



ABCD 


4.M 

(9) 


Fig. 19. — Diagrams showing successivo in nHliu’hjg lh<' In Fig. 

18 to a single equivalent reactance bbtwceu the hypothi'tical Inm mul tlti' |K»itti 
of short circuit. 



Fig. 20. Decrement factors for symmetrical thrcH's-phane abort tilni 

si^l^phase Ime-to-lme short circuits plotted vmm midUiwv for a dtifiiiit# tillWl 
Co - U.2 sec. Data for these curves have been obtained from Tabli^ I and IL 
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1. Application of Decrements to Each Generating Station Separately . — The 
initial symmetrical short-circuit current divides among the four generating 
stations A, B, C, and D as follows: 

From A and D — - — = 7,460 amp. 

From B and C — 3,880 amp. 

T. . 7,460 X 4.51 . o .. 

From A = 4,340 amp. 

From D =3,120 amp. 


From B 
From C 


3,880 X 5.78 
9.70 


= 2,310 amp. 
= 1,570 amp. 



Obtaining the decrement factors from the curves (Fig. 20) plotted from 
data in tables I and II, the short-circuit currents supplied by each station 
it the end of 0.2 sec. are calculated in the table below. 


Stations 

Amperes at 

22 kv. 

Per cent 
equivalent 
reactance 

Three-phase 
short circuit 

Line-to-line 
short circuit 

Rated 

Calcu- 

lated 

Factor 
at 0.2 

sec. 

Amperes 
at 0.2 

sec. 

Factor 
at 0.2 

sec. 

Amperes 
at 0.2 

sec. 

4 

664 

4,340 

15.30 

4.7 

3,120 

5.2 

3,450 

3 

985 

2,310 

42.6 

2 

1,970 

2.2 

2,170 


1,236 

1,570 

78.7 

1.15 

1,420 

1.24 

1,530 

0 

3,530 

3,120 

113 

0.82 

2,900 

0.82 

2,900 

Total .... 





9,410 


10,050 


The circuit breaker in the 22-kv. feeder will, hence, have to interrupt after 
1.2 sec. 


1.2 sec. 

Three-phase short circuit 9,400 amp. 

Line-to-line short circuit 10,000 amp. 


2. Applicat%07i of Decrements to the Generating Stations Lumped. — Total 

ated current capacity of the four stations A, B, (7, and D combined 

Jmtmi = 664 4” 985 + 1,236 + 3,530 = 6,415 amp. 

T? • 1 + 4. 6,415 X 100 _ . 

Equivalent reactance = — = 56.6 per cent 

From the decrement curves (Fig. 20) are obtained the following decrement 
ictors at t = 0.2 sec. : 

Three-phase short circuit ’. 1.55 

Line-to-line short circuit 1,69 

The circuit breaker in the feeder will interrupt after 0.2 sec.: 

Three-phase short circuit 6,415 X 1.55 = 9,940 amp. 

line-to-line short circuit 6,415 X 1.69 = 10,830 amp. 


I 









CHAPTI^R. n 


TRANSFORMER IMPEDANCE AND EQUIVALENT 
CIRCUITS 


General Theory of Multicircuit Transformers. C’nit,^idt*r n 
transformer having its coils connccited in such a manner t hat t hiii* 
exist independent circuits. .In this //-circuit Iraiisfnriiter, i‘acli 
circuit has a definite resistance, s(df-inducln,iHM% and mutmd 
inductance with respect to eveny oiu^ of the other circuits. 
Employing the classical eciuations for couplcnl tarctdlH, the 
instantaneous terminal voltage of (‘acih winding can readily he 
expressed in terms of these constants and the iiwtarilanemw 
currents in the various windings. Th(‘ folhnving etpud ions 
result : 


vi - Riii -h + M . 4. (jj 

Vi = Riii + + -Wai*' + + . . . (2) 


i'n = RJ. + LJi: + + A/,, -f 


dt 


Ci) 


In these equations, R and L with appropriate ii‘nre-ctil 

the resistance and self-inductaiu!(( of t h(^ various (dreuif u luid 
M the mutual inductance botwocm (.he i.wo windijif'.s deHi(jua.( <'d by 
the double subscript attached. It should h<! noted that the order 
of these subscripts is insignificant, viz., A/,,. . ; Af„,, 

If the n-circuit transfonn(*r considered is an air-caire trajis- 
former, the self- and mutual inductaiuws are st rictly const ant. 
It the transformer has an iron core, as is always the easi! in com- 
mercial practice, the self- and mutual indu(i(amsc*s are viyialiles, 
bemg functmns of the saturation and, hence, of the instantaneous 

fuX^e caused by the non-constaney of tljcso 

undamental parameters, which is inlunwit. with iron-eorc 

fXwi^revC^’ “ ^ problems, l„i removial by the 
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The magnetic fluxes which give rise to the flux linkages corre- 
sponding to the self- and mutual inductances may be divided 
into two components, one which is confined to the iron core and 
another which wholly or partly exists in air. The former is by 
far the greater portion of the total flux, but the latter and smaller 
part determines almost entirely the operating characteristics of 
the transformer^ It will now be assumed that the flux confined to 
the iron core depends only upon the value of the magnetomotive 
force producing it and is entirely unaffected by the 'position of 
this magnetomotive force with respect to the core. While this is 
not precisely true, the error should be very small indeed. In 
other words, the iron flux is assumed to be the same whether 
produced by a given number of ampere turns in circuit one, two, 
three or n. 

Let the flux in the iron contribute the part Me of the mutual 
nductances. Also, assume for simplicity that all windings have 
3 he same number of turns or that all constants involved are 
'educed to the same base (referred to the same winding) in the 
veil-known manner by multiplying resistances and self-induc- 
lances by the squares of the proper ratios of turns and mutual 
nductances by the direct ratios of turns. Equations (1), (2), 
ind (3) may then be rewritten as follows: 

= R,ii + (Li - M,) + (Mu - M.) + (Mi3 - M.) 

• ■ + (Mi„ - M,) + M.-^ (ii + + ^3+ • • • +in) (4) 

3 = R2H + (La - M„) ,+ (Mn - M„) ^ + (M 23 - M„) + 

• • + (Man - Me) + Me (ix + + *3 + ■ • • + 4) (5) 

n = Rnin + (Jjn — Me) + (Mnl — Mo) + (M n2 ~ ^ “1" 
M„3 - Mo) + • ■ • + Me~{il + i2 + U+ ' ' ' + Q (6) 

In these equations, the inductances corresponding to the 
ifferences (Li — Mo), (M 12 — M.), etc., are sensibly constant 
Mntities, since they are due to fluxes which fully or partly exist 
i air. The last term in each equation represents the voltage 
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induced in each winding by the flux (>xclusivcly confined to t: 
iron core. 

Considering voltages and currcnls of a, /r< (/ca ;-,•// uni 

equations ( 4 ) to ( 6 ) inclusive may 1 k' iv\vrilf(‘n in vector fori 

7i = RJi + joi{Li — Mr)Ii .l/.l/j 

-\- jai{M li— I It -)-•••■[ ,/ii'f.l/tn .1/,) 

+ + I ■, -I I :t \ 1 /J (' 

Vl = 1122/2 +i ‘»(/'2 ~ Mr)h +iw(il /21 ~ M,)I i 

-\rj01iM23 — M,^lts -!-■■■ i d/,), 

+ jcoM„(/i + h+l:f\ ■ ■ • f- /„) (! 

Vn = Rnin +iw(Ln — Mr)In. +i‘<)(d/nl “ d/ ,)/ l 

+ MM,,2 - ilf,.) /» + MMn-, ■ d/,)/., I 

+ icoilf.gt + /. -f h "I + /„) (! 


Introducing, in general, 



^nn — 

. - M,) 



(H 


' Xnl = Xin 

;i 

1 

11 

w(d/ 1,1 

d/,) 

(11 


Xn2 = X2n 

= (jo(Mn2 

w(d/..„ 

d/J 

(IJ 

and 







Ec = jo)Mr.(Il 1 2 “h /a ' 

. . . 1 


in 

the equations for the terminal 

reduce to 



Ti = 

{Ri + jXn)Ii 

+ jXnLl + jX in/; 

, . . . 

1 1%^ m 

-f t 






(M 

V, = 

(i22 + jXn)h 

+ jX^Jl + jXrJ ; 

. d 

IjXtJ, 

'-f 1 






(tl 

F„ = 


’^jXnlll +i-Yni!/ 

’2 +jX.J 

n -'h * * • 

d' / 


(HI 


Here, Zu is the self leakage reactance of circuit. I , and X 13 is th 
mutual leakage reactance between circuits 1 and 2. Thewi retiel 
ances are due to duxes which wholly or partly ("xist. in air. I leno 
are very nearly constant and indc'pcndiuit of saturatior 
The significance of the other reactances is at once api>ari*nf.. 

By subtracting each of the above equal,ions from t Im pivccdin 
one, Ec is eliminated and a new set obtained giving the diffmM 
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between the terminal voltages or the effective impedance drop of pairs 
of windings, as follows: 

Fl = [-Rl +i(-3ril X2l)]/l — [R 2 4“ i(X22 “* Xi2)]/2 4* 
i(Zi3 - Xu)Iz 4- • • * + i(Xi. X 2 .)In (17) 
F 2 - F 3 = [R 2 + i(X 22 - X 32 )] h - [Rz + i(X33 - X23)]/3 4" 

i(X2i - X3l)Jl + • • • 4- i(X2n - X3n)/n (18) 

Vn - Fi = [Rn+KX.n ^ Xxn)]In ^ [Rl + j(Xu ^ Xnl)]Jl 4" 

j(Xn2 ““ Xi 2)/2 4" i(Xn3 Xiz)Iz -f- * * * (19) 

The difference between the self-reactance of a winding and the 
mutual reactance between this and one of the other windings is 
the true leakage reactance of the first winding with respect to the 
other. Thus, (Xu — X21) is the true leakage reactance of 
winding 1 with respect to winding 2, Similarly, (X22 — X12) is 
the true leakage reactance of winding 2 with respect to winding 
1, and, in general, (Xnn — Xmn) is the true leakage reactance of 
winding n with respect to winding m. The relative aspect of the 
leakage reactances should be carefully noted. The leakage 
reactance of a winding is not a quantity which is dependent upon 
and characteristic of that winding alone; it must, of necessity, be 
defined with respect to some other winding. In an n-winding 
transformer, therefore, the true leakage reactance of one of the 
windings may, in general, have n — 1 values, namely, a distinct 
value for each of the other windings with respect to which the 
leakage reactance is determined. Of course, there is a possibility 
that two or more of these values may coincide, due, for instance, 
to symmetrical arrangement of the windings. 

It is convenient to introduce symbols for the true leakage 
impedances and reactances as follows: 


2i(2) = Rl 4- iXi( 2 ) = Rl +i(Xn — X 21 ) (20) 

-^2(1) — R 2 4-iX2(i) = R 2 +i(X22 — X 12 ) (21) 

^n(7n) ~ Rn 4" ~ Rn 4" iiXnn X^win) (22) 

Zn{m)i for instance, represents the leakage impedance of winding n 
with respect to winding m. Hence, the first subscript refers to 
the winding itself, and the second one in parenthesis indicates the 
winding with respect to which the leakage reactance is considered. 
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Substituting these abbreviations, (‘(iiuiliniis (17) (o (t 
inclusive become 

_ 72 = Zl(2)/l - ^2(l)-f2 +i(A'i:l - A'..;,)/,'! -( h 

j{\lB Xfn)In (21 

7 73 = Zna)h - Z3i«)l3 +i(A'2i - A'.ni)/| ( f 

( 2 - 

* • • • • ^ 

F» - V^ = ~ Zinn)T\ +j(.X„i - -I" 

j{X„3 - A',,)/. I ■ ■ • (21 

The sum of the currents in tlu' s<^v('ral windings is etjual to f I 
exciting currentis Hence, the following relafinn holiis: 

7i + Z 2 + Is + • • • + L •-= I. (2< 

In many practical problems, however, I he exeiling t-urrent 
ignored, since it is small comi)are(l with Ihe loiul currents, 0 
this basis, the sum of the curnmts is zero, f.e., 

Ii + I 2 + I 2 + • • ■ + In - 0 (21 

The voltage equations previously given (e(juafiotiH (M) fo (!( 
or (23) to (25) inclusive) used in eonjiinei ion with <tne of t!i 
current equations (equations (20) or (27)) sufliee for t he soUttio 
of any single-phase or polyphase; transformer problem . < )f iumra 

the constants involved, as well as a sufficient nuniiH*r of Icrmitj! 
conditions, must be known. 

In the following, the general theory will lx; .sperdficnlly iipplie 
to two-circuit, three-circuit, and four-circuit trafwforim-rs. 

Two-circuit Transformers. Applir.ah'on of tin; (homd Htpui 
tions. — In the case of a two-circuit transfornu'r, th<; gfUM'rt 
equations (14) to (lO) inclusive reduce to 

Fi = (Ui -f jXn)Ii + jXiJ3 + II (28 

Vi = {Ri jXrz)Ii 4" A'.i (28 

The difference between the t(;rminal voltagtis or the effectiv 
impedance drop becomes 

Fi - 72 = [Ui +i(Zu - X,:)]I, - [Rt+KX^t - -Y, 2)1/2 

= ^l(2)Il — Z 2(1)1 3 (30 

■ Here, Z^) and Z^^) are the true leakage impedanci'S 0 
wmdinp 1 and 2, respectively, with respect to tlu; other windini 
Since, in a two-winding transformer, how(!ver, there can neve 
be any doubt about the proper relative asptict of thews im{)ed 
ances, the subscripts in parentheses may b (5 ainitte«l, thus simidi 
fying the notation. With multicircuit transformers, on the othe 
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hand, the double subscripts must be retained. Equation (30) 
may, hence, be written 

Ex 72 = Z,h - Z,h (31) 

If excitation is taken into consideration, the sum of the primary 
and secondary currents equals the exciting current 

Jl + ^2 = le (32) 

Combining equations (31) and (32) gives 

7x ~ 72 = (Zx + Z,)h - Zde 

= —{Zi + Z^I^ + Zile (33) 

In practical calculations, the exciting current is frequently 
neglected. This is permissible in very many problems, since the 
exciting current seldom exceeds 5 per cent of the full-load current 
and, hence, exerts but a small influence on the actual values of 
current, power, losses, and efiiciency. Ignoring excitation, 
equation (33) reduces to 

7, ^ 7, = (Zx + Z,)h = -(^1 + Z,)h 

= Z 12 I 1 = — 2 x 2/2 (34) 

Here, 2x2, equal to the sum of the separate leakage impedances, 
represents the equivalent impedance of the transformer. This 
quantity is ordinarily determined by the standard short-circuit 
test and is the only constant required when the excitation is not 
taken into account. The composition of the equivalent imped- 
ance is at once apparent from the following equation: 

2x2 = + jXe = Ex + 122 + i(Zi + Z 2 ) (35) 

Equivalent Network of Two-circuit Transformers . — Equations 
(31) and (32) indicate that a T-circuit, as shown in Fig. 21, is 
the logical equivalent network of a two-circuit transformer. The 
separate leakage impedances 2x and Z 2 make up the arms of the 
T, while the impedance of the pillar 2c carrying the exciting 
current is given by 

(36) 

In general, the separate leakage impedances of the two wind- 
ings are not equal and the equivalent T-circuit representing the 
transformer will consequently be dissymmetrical. Very often, 
however, it is assumed that the equivalent impedance splits 
equally between the two windings. This assumption is fre- 
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quently necessary, since enough data for a correct determination 
of the separate impedances are seldom at hand. Fortunately 
the symmetrical T-circuit thus obtained is sufficiently accurate 
for most practical problems, with the exception of such as specifi- 
cally deal with the distribution of the harmonic components of 
the exciting currents between primary and secondary circuits. 

Making use of equation (28), equation (36) may also be 
written 

+ (37) 

■Le J- e 

which again may be modified to 

Z, = (38) 

I e 


Fig. 21. — Equivalent network of a two-circuit transformer. 

Equation (38) shows that, basing the constants of the equiva- 
lent circuit on the general theory, the pillar impedance Zc contains 
reactance only. Furthermore, the value of this reactance corre- 
sponds to the mutual inductance between the two windings. It 
will be constant, therefore, only when the mutual inductance is a - 
constant quantity or, what amounts to the same thing, where the 
magnetization curve is a straight line. Hence, the representa- 
tion will be exact for air-core transformers. For iron-core 
transformers, the equivalent circuit is exact only at the particular 
value of saturation (voltage) at which the impedance Zc is deter- 
mined. At other values of saturation (voltage), the representa- * 
tion is, of necessity, more or less approximate, depending upon 
the shape of the magnetization curve and the position of the 
operating point on the latter. 

Although it might be desirable from the standpoint of accuracy 
to use several values for Zc when the equivalent circuit is used for 
the determination of performance at widely different voltages, 
this is usually not done. The reason is, of course, that the effect 
of the exciting current is fundamentally small. It is customary, 
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therefore, to determine the pillar impedance only at a saturation 
corresponding to normal voltage. 

As already mentioned, equation (38) shows the impedance Zc 
to contain nothing but reactance. This is due to the fact that 
the classical theory of coupled circuits fails to consider the effect 
of hysteresis and eddy currents in the iron. The equivalent 
circuit, therefore, derived directly from this theory, makes no 
provision for the proper consideration of the core loss. This 
loss may be accounted for by assigning also a resistance to the 
pillar impedance. This resistance is given such a value that the 
fictitious copper loss developed in it by the exciting current is 
equal to the core loss. Obviously, exact correspondence is also 
here obtained only at some particular value of voltage, since the 
relation between core loss and saturation is not exactly quadratic. 

In practice, the pillar impedance, or excitation impedance 
(admittance), as it is commonly termed, is determined by an 
open-circuit test; e.6., one winding is excited while the other is 
left open and, hence, carries no current. For this condition 
equation (36) becomes ^ 

Vi 

Ye ~ ^ (^1 + — Zi ( 39 ) 


The leakage impedance is negligible compared to the 
mpedance Ri + jc^h corresponding to the self-inductance. To 
mbstantiate this, consider a transformer having 10 per cent 
jqmvalent impedance and 5 per cent exciting current. The sum 
>f the excitation impedance and the primary leakage impedance 
<^OTTespondmg to 5 per cent exciting current 

aurin^WVl, that the primary leakage impedance 

qu^s one-half the equivalent impedance, the actual value of the 
xcitation impedance becomes 1,995 per cent. Obviously it is 
^aterial whether this impedance is considered to be 1,995 or 
,000 per cent, the difference between the two values being but 

^citing^eStfgiS^g“® impressed voltage by the 


id 


Zc — Re jXc = ~ 

1 e 


(40) 


Rc + jXc 


k 

Vi 


(41) 


42 ELECTRIC CIRCUITS--THEORY AND APPLICATION 


Since a T-circuit is always convertible into an equivalent H- 
circuit, the transformer may evidently also be represented by the 
latter type of network. This is seldom done, however, since, 
in general, the T representation' is more convenient. 

When the consideration of excitation is omitted, the trans- 
former circuit reduces to a single impedance. This impedance 
is equal to the equivalent impedance Z 12 of the transformer, as 
indicated by equation (34). 

There are but few problems involving transformers which 
actually require that the exciting current be taken into account. 
This is true when the analysis is concerned with the conditions 
in the power circuit alone. Where inductive interference is 
involved, the exciting currents, and particularly their higher 
harmonic components, may be just the currents that should be 
considered. 

As examples of power problems where the effect of the excita- 
tion should be included may be mentioned unbalanced operation 
of the Y-Y-connected transformer bank without primary neutral 
and long-distance transmission where transformer banks are 
connected to long lines of considerable capacitance. The former 
case is rather unimportant, since very few Y-Y connections of 
this type exist. The latter, however, is exceedingly important. 
The lagging exciting current of the transformers tends to reduce 
the effect of the leading charging current of the line, and, if 
neglected, an entirely erroneous picture may be had of the 
conditions at the transformer terminals. 

Three-circuit Transformers.^ Application of the General Equa- 
tions, — In the case of a three-circuit transformer, the general 
equations (14) to (16) inclusive reduce to 

71 = [R^ + jXix) Ji + jXuh + jX^Js + Ec (42) 

72 = {R 2 + jX22)l2 + jX2lIl + JX 23/3 + Ec (43) 

73 = (i?3 + jXzf)Iz + jXziIi + jXz2l2 + Ec (44) 

By taking differences between pairs of the above equations, the 
effective impedance drops in circuits 1 and 2; circuits 2 and 3 
and circuits 3 and 1, respectively, become 

^ Boyajian, a., ** Theory of Three-circuit Transformers.’^ Trans, A,I,E,E,j 
p. 508, 1924. 

Peters, J. F., “Three-winding Transformers,” Elec, Jour.j pp. 12 and 71, 
1925. 

Discussion by W. V, Lyon in Trans, A,I,E,E,^ p. 813, 1925. 
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7i - Fa = [Ry+j{Xn - Zai)]/i - +i(Xa 2 - Xia)]7a + 

i(Zi3 - X,,)U (45) 

Fa Fs = [Sa + y(Zaa — Z32)]/a — [i?3 H-^CZas — Za^OJ/a + 

i(Zia - Zi,.0/i (46) 

^3 Fl = [i?3 4" jXZss — Zi 3)]73 — [i2i + y(Zll — Z3 i)]7i + 

y(Za3-- Zia)7a (47) 

The sum of the currents in the three circuits equals the exciting 
current, viz. 

7i + 7a + 73 = le (48) 

Introducing this relation in equations (45), (46), and (47), 
these may be written 

Fl - Fa = [Ifi + i(Zn - Zai + Zaa - Zi3)]7i - 

[■Sa + jXZaa — Zia + Z 13 — Za3)]72 + j(Xi 3 — Xis)!^ (49) 
Fa — F 3 = [^2 + i(Za 2 — Zsa + Z 13 — Zi 2)]72 — 

[•Ra + j(-X’33 — Zas + Z 12 — Zi3)]73 + J(Xl 2 — Zi3)7« (.50) 

^ 3 ~ Fl = [^3 + y(Z33 — Zl3 + Z 12 — Za3)]73 — 

[Rl +j(Xu — Z 3 I + Z 23 - Zi2)]7i +J(X23 — Xl2)Ie (51) 

The symbols Zi, Zi, and Z 3 will now be introduced to represent 
the relatively complex impedances in the brackets above as 
follows: ’ 


(52) 

(53) 

(54) 


■^i ~ Ri “h i(Zii Zia + Zas — Z13) 

^a = i?a + i(Za2 — Zaa + Z13 — Zia) 

Z 3 = R 3 + j(X33 — Z 13 + Zia — Zaa) 

It is interesting to note the composition of the reactance part of 
;hese impedances. Consider Zi, for instance. Here Xu — Z 12 
s the leakage reactance of winding 1 with respect to winding 2 . 

23 and Zi 3 are the mutual reactances between windings 2 and .3 
md between windings 1 and 3, respectively. Hence, the effective 
T composite reactance associated with circuit 1 is the leakage 
eactoce of circuit 1 with respect to circuit 2 plus the differential 
ffect of OTcmt 3 upon circuits 1 and 2. If the third circuit were 
ymmetncally located with respect to the other two circuits, its 

“ «9ual 

.13, and the effective reactance or circuit 1 would be its leakage 

>^^ce with respect to circuit 2 alone. Or, if the third circuit 

not carry any current, the mutual reactances Z 23 and Z,, 

ould not enter into the effective reactance of the first circuit at 

I. The problem then immediately reduces to a two-circuit 
ansformer problem. t.ircuit 
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Another interesting feature is the possibility of negative effec- 
tive reactance. Again referring to the impedance Zi, it is con- 
ceivable that the circuits might be so arranged that the mutual 
reactances between circuits 1 and 2 and between circuits 1 and 3 
are relatively large in comparison with the mutual reactance 
between circuits 2 and 3. If the former are sufficiently pre- 
dominant in magnitude, the effective reactance of Zi may become 
negative and have the effect of a capacitive reactance. 

The difference between the mutual reactances appearing in 
connection with the exciting current in equations (49) to (51) 
inclusive may be written as follows: 

j(Xi3 — X23) ^ Z% — Z2(i) = -^1(2) ““ Z\ (55) 

i(Xi2 — X13) = Zz — -^3(2) == -2^2(3) — Zz (56) 

j(X23 X12) Zi — Zi(^z) = Zz(_i) — Zz (57) 

Hence, the mutual reactance differences in question can always 
be determined as the difference between the effective “three- 
circuit impedance of one of the windings and the leakage 
impedance of the same winding with respect to one of the others. 

Equations (49), (50), and (51) may now be written in the follow- 
ing simplified form: 

El E 2 == — Z 2 I 2 “f“ {Z 2 — 2'2(l))Je (58) 

E 2 — Es == Z 2 I 2 ““ Zziz + {Zz — Zz(2))Ie (59) 

E 3 -- El = Zzh - ZJi + (Zi - Zi( 3 ))Je (60) 

These equations properly applied will solve any three-circuit 
transformer problem where a sufficient number of terminal 
conditions is known. They provide for taking the exciting cur- 
rent into account, if this refinement is desired. Although the 
exciting current varies slightly with the load, it would usually be 
considered constant and be given the value which corresponds to 
normal saturation. It would, hence, be taken equal to the cur- 
rent flowing when rated voltage is impressed on one of the 
windings, the other two being open. 

The exciting current, however, is very seldom included in the 
calculations. As a rule, it is neglected. When this is the case, 
the currents in the three circuits add to zero, and equations (58) 
to (60) inclusive reduce to 

El ~ 72 = -^ili - -^2/2 (61) 

Ea - E3 = Z2J2 - Z3J3 (62) 

E3 ~ El = Z3I3 - (63) 
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Determination of Impedances , — The effective impedances 
(equations (52), (53), and (54)) to be assigned to the three windings 
are readily determined by three short-circuit tests. They are, 
hence, obtained at practically zero saturation. The equivalent 
impedance of pairs of windings are measured exactly as for the 
two-circuit transformer. Since the exciting current for this 
condition is entirely negligible, the currents in the two windings 
under test are equal and opposite. Assuming that power is 
supplied to circuit 1 with circuit 2 short-circuited, then to circuit 
2 with circuit 3 short-circuited, and, finally, to circuit 3 with circuit 
1 short-circuited, equations (61), (62), and (63) give 


Fi = {Zi + ^ 2 ) 1 1 = -^12^1 
F 2 = (Z 2 + Zz)l2 = Z2zh 
Fa = (Z 3 + ZDh = 

The equivalent impedances Zu, ^ 23 , and Zzi are thus obtained. 
The effective impedances of the three circuits are then calculated 
Tom 

.^1 + ^2 = Z12 
Z2 Zz ^ Z2Z 
Zz Zi = Zzi 

>imultaneous solution of these equations gives 

Z 12 Zzi ^23 


(65) 

( 66 ) 


(67) 

( 68 ) 

(69) 


= 


Z 2 = 


Zz = 


Z2Z + -2^12 Zz] 


2 

Zzi + -^’23 




(70) 

( 71 ) 

(72) 

Equivalent Network of Three-circuit Transformers.— It is imprac- 
icable to represent the *hree-circuit transformer by an exact 
qmvalent network when the exciting current is taken into 
Gcount. Inspection of equations (58) to (60) inclusive will 
row the futihty of attempting such representation. 

quations (61) to (63) inclusive show that, in this case, the three- 
rcui ransformer may be represented by an equivalent Y- 

unple and very convement m many instances. 

J'bl iiidividual transformers may 

^ be represented by Y-connected circuits of the type shown im 
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Fig. 22. A complete three-phase arrangement is indicated 
Fig. 23. It should be noted, however, that this representatic 
is not practical e.xcept when conditions are perfectly balanced s 
that the three-phase problem reduces to a single-phase problen 
When unbalance is involved, the solution must be based on tl 
equations themselves rather than on an equivalent network. 
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Fig. 22. Equivalent network of a three-circuit transformer. 

neglected. 
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Tig. 23. Three-phase arrangement of equivalent networks of 
transformers. Excitation neglected. 


three-circuit 


Since a Y-conneeted circuit, in general, is convertible to a 
onnec e circuit, it is evident that the latter may also be used 

eoidvJwV transformer. As a rule, however, the 

eqmvalent Y-connected network is more convenient from the 
standpomt of calculation. 


EXAMPLE 1 


Statement of Problem 


^ hree 2,100 kv.-a. three-circuit transformers. Th 
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transmission lines are both three-phase, and their voltage ratings are 110 
and 22 kv., respectively. The transformers are connected A-A-A. 

The nominal voltages of each single-phase transformer are as follows: 

Winding 1 2,300 volts 

Winding 2 22,000 volts 



Fig. 24. — Three-circuit transformer layout for Example 1. 


The equivalent short-circuit reactances are 

6.10 per cent between the 2.3- and the 22-kv. windings 
6.59 per cent between the 2.3- and the 110-kv. windings 
6,15 per cent between the 22- and the 110-kv. windings 

If the 110-kv. load at the transformer terminals is 3,150 kv.-a. at 85 per 
cent power factor flagging), the 22-kv. load at the transformer terminals 
3,150 kv.-a. at 90 per cent power factor (lagging), and the high-tension 
voltage strictly 110 kv., calculate 

1. The voltage on the 22-kv. circuit. 

2. The voltage of the generator. 

3. The voltage regulation when the 110-kv. load is disconnected. 


v:iuxuuuii 

RaUos of Transformation: 

Winding 2 _ 2^ _ 
Winding i 2.3 ~ 
Wind ing 3 _ 110 
Winding 1 ^ 

Winding 3 _ 110 _ 
Winding 2 ” "22 ~ ^ 


47.8 


The oircmt layout is shown in Tig. 24, and the equivalent Y-connected 
? 70 uSnnT( 72 )f “ the latter are (equations 

Xi = 


6.15 

3.27 per cent 


X, = 


6.16 + 6.10 - 6.59 


X, = 


^ 6.59 + 6.15 - 6.10 


= 2.83 per cent 
= 3.32 per cent 


n. \ the nominal voltages and the base currents calculated fr™„ 

he full ratmg at the nominal voltages to be the 100 per cent tlues of S 
iges and currents, respectively. 
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The voltage which would appoiir jit the junction point of tin; ocp! 
circuit is given by 

Vm = F:. “i/.vVa 

/3= 50 per of !)ii,se eurreiit 
cos <5^3 = 0.85 sin 03 0t527 

Using Vz as standard phase, 

V,n - 100 + 0.5(0.85 - ji)S27)j:VA^2 
- 100.88 + il.4l lOO.S) pertMUit 



Fig. 25. — Equivalent network of one of the thrtH'-cireuit transifornuuH ui 
with loads uttachod. 


This voltage, however, is also giv(‘.n l)y 
Vm, = Vi - jliXi 

j. 50 X 100 _ . 

/2 = p(^r (a'ut of baH(?i current 

cos 02 = 0.90 sin 02 0.486 

Using 72 as standard phase, 

100,9/« = r, + y (0.9 -y0.4:50V2.83 V, + +J 

d • • ^ f a Ua 

bquanng gives 

inn 02 1/2 i.>.. .) , 1 

100.9* = Vi + 122.2 -1- y, 4 y^ 

which again reduces to « a 

-.10,050 7,“ + 20,008 - 0 
The solution of this equation is 

7, = Vs, 025 ± V25.23 X 10« - 0.02 X 10* 

= V 5,025 ± 5,021 =• 100.2 jKsr cent 
The voltage on the 22-kv. circuit is, therefore, 

. 22 X 1.002 22.04 kv. 


2. As seen, the ^e displacement between tlui vidtage at the ju: 
^int and the terminal voltage V, is very small, being less than 0. 
Ihe displacement betweq^n 7„ and 7, is still smaller. It is suffle 
accurate, therefore, particularly since the resistances have been negl 
te consider the pW angle of the currents with respeet to the junction, 
voltage as being the same as with respect to the terminal voltages. 

T _ 50 X 100 

i 2 Jqq; 2 ™™“- = 49.9 per cent 

1 1 = — (/2 + Iz) 

h = 49.9(0.9 - yo.436) + 50(0,86 ~ i’0.627) 

= 86.4 - y48.1 
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The generator voltage is given by 

• {d) 

Using Vz as standard phase, 

7i = 100.88 +il.41 + (0.864 - i0.481)j3.27 
= 102.45 + ^4.23 = 102.5 per cent 
The voltage at generator is, hence, 

2,300 X 1.025 = 2,360 volts 

3. In calculating the regulation, it will be assumed that the size and power 
factor of the 22-kv. load remains the same in spite of the change in voltage. 
With no load on the 110-kv. circuit the following equation holds: 

7i = 72 + - 72 - /2^12 { e ) 

Using 72 as standard phase 

102.5/^ = V2+~ (0.9 - i0.436)i6.10 = F2+ 


Hence, 


102.5= = 71 + 266 + -|? + 


274.3= 

71 


which reduces to 


Vi - 10,230 VI + 93,100 

The solution of this is 


= 0 


72 = -v/s.lis ± V 26 . 19 l>< 10« - O.og X 10« 

= Vs, 115 + 5,108 = 101.1 per cent 
The regulation of the 22-kv. circuit is, therefore, 

( 101.1 - 100 . 2)100 .. 

i 1002“ — ■ “ 

The voltage of the 110-kv. windings is given by 
73 == 7 i - hZi 

, ^ 50 X 100 . , 

ii = J2 = — = 49.4 per cent 


(/) 


Again neglecting the small displacement between the voltages 7 1 and 7 2 
as far as the phase of the current is concerned and considering 7 1 as standard 
phase, equation (/) gives 

73 = 102.5 - 0.494(0.9 - i0.436)i3.27 
= 101.8 — jl.45 = 101.9 per cent 
The regulation of the 110-kv. circuit is, hence, 

101.9 — 100 = 1.9 per cent 


Four-circuit Transformer’s. Application of the General Equa- 
tions. — In the case of a four-circuit transformer, the general 
equations (14) to (16) reduce to^ 

V^ = Ir{R, + jXn) + + jx,,h + iXul 4 + E, (73) 

V 2 = h(R2 + jX,,) + jXuh + jX,,h + jX,,h + E, (74) 

Vz = Iz(Bs + yXas) + + iX23/2 + Ec (75) 

F 4 = Ii(Ri + JX 44 ) -{-jXuIi jXzJ^z ’hjXziln + Eo (76) 

Also, neglecting excitation, 

7i + J 2 4“ ^3 + 7^4 = 0 (77) 

1 See discussion by W. V. Lyon in Trans. A.I.E.E., p. 816, 1925. 
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These five fundamental equations may bo liandlod in a v 
of ways. Since there is some advantaKo in having tin 
symmetrical form, the following inol hod of olitninaf ion v 
used; First eliminate FJ„ by taking sucunsssivc' dilTonauu-s. 
elirninate 1^ from the first difforomni, / 1 from ihti sociond i 
ence, and /a from the third diffenmee. 'Fliis givcw 

Fi - Fa = H-i(Zu - Z,. - A'., + .V,,,)| - 

li\Roi -b j(X22 ~ Xi-i + Am ~ Ai-i)! -f- 

3 {Xn - Am + A.m - Xu)h 
F2 - F3 = h[B 2 -\-j{Xn - X,, - A'.2 + A',:.)l - 
URz+iiXn - A.m + A .2 - A',..,)! + 

j{Xu - X,, + .Vm - Xn)h 
F3 - F4 = Iz[R,+ 3 iXn - Aa., - Ao, + A...,)] - 

lARi + J(A44 ~ A;).J + A'a.i — A';m)] + 

3{Xu - Am + A, a - Xn)Ix 

These three equations together wifJi o(iuaf.iou (77) ar(5 suff 
to determine the currents, in any c!U«i. An (examination of 
equations shows some interesting fac(.H in ixegard to the ii 
ances. In the first equation, Ri-\- 3 (A u - A , « - At4 + A 54) 
impedance that would be assigned to f)ho first winding if the 
second, and fourth windings wore considered iis a thr(«5-c 
transformer. This impedance will be reprcs(mted by 
impedance i22 +i(X22 — Xn + Xu — which wot 

assigned to the second winding if the first, and f 

were considered as a three-circuit traTtsfonner, Iritis w 
represented by Z214. The first subscript shows to which wi: 
the impedance is attached. The second and third sultSf 
indicate which of the other windings arc grouped with the 
to form a three-circuit transformer. The order of the Becoir 
third subscripts is unimportant; that is, tliere is no diffe 
between Z124 and Z142. It will also be noticed that the csoeffl 
of J3 in equation (78) is Z213 — -Z2U? that the coefficient of 
equation (79) is ^342 — Z'312, and that the coefficient of 
equation (80) is Z413 — Z423. Thus, the ecjuntions of v<i 
differences may be written as follows: 

1^1 1^2 — liZi2A — I2Z2U IziZ^n “• ^214) 

2 — Vz = I2Z2Z1 — /aZ 32 i + h{Zu2 — Zmt) 

~ 74 = /3Z342 ~ hZ^n + Ji(Z4,,3 - Zam) 
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There are some other interesting relations between these imped- 
ances. For example, 

^124 ■“ ^123 = "“-^214 + - 2^213 (^ 4 ) 

-^134 “ -^132 == —‘ 2^314 + 2^312 ( 85 ) 

^421 — ^423 = -“ 2^241 + -^243 ( 86 ) 


Determination of Impedances . — Since the impedances involved 
in the solution of four-circuit transformer problems are the same 
as in the three-circuit case, they can be determined in a similar 
manner. Having obtained by test the equivalent impedances of 
pairs of windings, the desired effective impedances are calculated 


by 


Zi24 = 
2/214 = 

^213 = 

Z32I = 
2/342 = 

2432 = 

2413 = 


2 i 2 + 241 "" 

Z24 

( 87 ) 

2 

Zu “ 1 “ Zii — 

Zu 

( 88 ) 

2 

223 + 2 i 2 — 

Zzi 

( 89 ) 

2 

Zn + Z23 — 

2 i 2 

( 90 ) 

2 

Zu + ■ 2^23 ~ 

Z24 

( 91 ) 

2 

224 + 234 — 

Z23 

( 92 ) 

2 

234 4 " 241 — 

Zzi 

( 93 ) 

2 




Very little, if anything, is gained by attempting to represent 
the four-circuit transformer by an equivalent network. 

Determination of Separate Leakage Reactances. — The sepa- 
rate leakage reactances of transformer windings cannot, in 
general, be calculated with accuracy. The standard formulas 
found in textbooks on principles and design of transformers are 
all based on broad assumptions in regard to the distribution of the 
leakage flux and may easily give results which are in error to a 
considerable extent. Furthermore, it seems to be doubtful 
whether more rigorous and reliable formulas are capable of being 
developed. 

For precise determination of these reactances, therefore, 
experimental methods must be resorted to. Theoretically, there 
are several tests for this purpose, some single-phase^ and some 

1 Boyajian, a., ''Resolution of Transformer Reactance into Primary and 
Secondary Reactances,” Trans. A.I.E.E.j p. 805, 1925. 
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three-phase. ‘ Some of these tests give the leakage react, ancei 
operating flux density (or any desired valiKi of flux (hmsity, 
that matter), while some determine the leakage* r('aci,ances s 
very low (practically zero) saturation. The; latt er (sorreespo: 
closely to the conditions under which the etiuivah'iit imi>edanc 
obtained by a short-circuit test. Since t,h('r(i undoubt, edlj 
some change in the leakage reactances wlum theree is a mate 
change in saturation, these various tests may not givee identic! 
the same results. 

When the saturation is decreased from that (Hjrn'spomliiifj 
normal operation to approximately zero, t-lu^ viilm* of t he (Hjui 
lent reactance will increase, due to the reduct, ion in reluct, iincc 
the iron paths of the leakage fluxes. It is Ix'lievc'd t,hat 
increase in equivalent reactance will not exec-ed 10 pc'r cent s 
usually will be less than this figure. Thci sep;i,ral,(' leaki 
reactances, therefore, will also increase but not necc^ssarily in i 
same proportion, since, as a rule, a large drop in saturation *1 
be accompanied by a slight redistribution of leakag<^ reactai 
between the windings. In a core-type transfonmu- with cylinc 
cal coils, for instance, a change in saturation affc^cts tlwi leaks 
reactance of the winding nearest to the core to a largc^r ext( 
than the leakage reactance of the winding farthsm awsiy from 1 
core. This is exactly what might be expected, since the lesiks 
flux of the former has a relatively longer path in iron than i 
leakage flux of the latter. 

It should be noted that loakagc-rcactancc changes of the ore 
of magnitude mentioned above manifest themssilves only wh 
rather large changes occur in the flux densities. In particul 
some change in the leakage reactances may bo <‘xp(i(d.('d when o 
value of the flux density corresponds to a condition where the ir 
is more^ or less saturated, while, at the other value, the effect 
saturation is absent; in other words, where the two operati 
points in question lie on each side of the bend of the rnagnetizati 
curve. It should also be noted, however, that even for qui 
considerable changes of flux density in the operating region, i 
above the knee of the magnetization curve, the leakage reactar. 
remains sensibly constant.^ 


■ Leakage Reactance of Transformer Wii 

mgs, Trans. A.I.E.E., p. 785, 1925. 

statement will be found in the oxporimei 

m ‘Separate Leakage Reactance of Transformer Wh 

lags, by (j. (jr. C. Dahl, loc. cit 
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Evidently, it is desirable to ascertain the values of the leakage 
reactances at as nearly operating density as possible. Hence, 
from this standpoint, the tests which determine them at a high 
density are preferable. All of the tests, however, are not likely 
to give the same inherent precision. In calculating the leakage 
impedances from test data, voltages and currents of a single fre- 
quency must be used. When the waves are distorted, oscillograms 
must be taken and the components of the desired frequency sin- 
gled out by analysis. In some of the tests, it is theoretically 
immaterial which one of the harmonics is used. Making use of 
the component which is the largest percentage of the composite 
wave, however, will give the maximum accuracy. In some tests, 
the largest component may be the fundamental; in others, the 
third harmonic. From the standpoint of precision of measure- 
ment, therefore, the best tests are either those which involve 
metering of pure waves of either fundamental or higher-harmonic 
frequency or those where any distortion likely to occur will be 
so small that the principal component of the wave is capable of 
exact determination by oscillogram analysis. 

Single -phase Tests. — There are two single-phase tests which 
will give the actual values of the separate leakage impedances and 
one which will give their ratio. The latter, therefore, will suffice 
only when the sum of the leakage impedances or the equivalent 
impedance is known. The single-phase tests are applicable to 
both two-circuit and multicircuit transformers and may be used 
to give the leakage impedance of one winding with respect to 
any other winding. The determination of the separate leakage 
impedances is fundamentally a two-circuit problem, even in a 
multi-circuit transformer and, in outlining the tests below, two- 
circuit transformers will be assumed. If it is desired to determine 
all the possible separate leakage impedances involved in a multi- 
circuit transformer, it merely means repetition of the same tests 
with appropriate changes of connections, so that each winding 
is considered with respect to every one of the others. 

It is assumed that the transformers considered have unity ratio 
of transformation. If the ratio is different from unity, potential 
transformers must be used in the test involving measurement of 
voltage drop due to exciting current and in the parallel-conjunc- 
tion test. A current transformer must be used in the series- 
opposition test. These auxiliary transformers should have the 
same ratio of transformation as the main transformer under test. 
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The auxiliary transformers may iul-nxhu^e (‘rrors <lue to incorre 
ratio and also due to the pluis(‘ disphiciatH'utf Indweeii th( 
primary and secondary volta^-es and (uirnads. 

a. Drop Due to Exciting CurrenL KxciUtiioth of (hie Windvi 
Only . — In this test, one of the \viu(lin,<>;s is as sho\^ 

in Fig. 26, and the exciting curnuit, iu(‘a,sunHl. Chu) termin 
of the other winding is coniuH'-tcxl to tlu^ (‘X(*ite<I winding : 
such a manner that the diffenuux', Ix^wecm (lu^ tcuininal vol 



Fiox. 26.— Single-phase cletorrninatioii of H(‘parn-t(‘ hni.kjMr.c* hy mm 

uring voltage drop diu^ to (‘xcitiug (airnMit. 


ages of the two windings can be mciusunul as indicated with i 
voltmeter drawing negligible current. Kincie. th(>. secondary wind 
ing carries no current, the voltagn; differeiKUi (.bus niejumred i 
directly equal to the primary leakage impc'dance drop dues to thi 
c.xciting current. The general equations are 


1^1 - (.Ri +iXu)/i +jXv‘Li + E„ (94‘ 

Vi = (Ri + jXii)Ii +jXiiIt + jfe’s (95' 

For 1 2 = 0, subtraction of these equations gives 

=(K| + i(Xi, - x-ujfft - zji (96; 


= 



(97) 


As seen, the leakage impedance of winding 1 with r(%sp(u;t tc 
winding 2 is immediately obtained. By repeating the test with 
mndmg 2 as primary and winding 1 as secondary, the leakage 
Sr^?d°^ winding 2 with respect to winding 1 is also readili 

Both the measured current and the voltage drop will contain 
narmomes. Smee the equations are applicable to (juantities of a 
ingle frequency only, oscillograms must be taken and the diisired 
Harmomc components separated out by analysis. Idgure 27 
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bows an oscillogram taken during a test of this type. The fun- 
amental component of the exciting current will always be the 
irgest. Usually, also, the fundamental component of the 
oltage drop will be larger than any of the harmonics, except, 
erhaps, at very high saturations where the third-harmonic 
omponent may be the greatest. As a rule, therefore, maximum 
recision should be obtained by using the fundamental compo- 



IG. 27. — Oscillogram from leakage-impedance test using the circuit connections 
shown in Fig. 26. 


ents of voltage drop and current in calculating the leakage 
npedance. 

Even though the fundamental components be used, however, 
le precision of this test leaves something to be desired. This is 
ue, of course, to the inherent difficulty of analyzing a complex 
ave with great accuracy. Only when the component which is 
anted is predominant can exact determination be expected. 



Fig. 28. — Single-phase determination of separate leakage impedances by the 
ries-opposition test. Oscillographic measurements are not necessary in this 
se, as both voltages and currents are sinusoidal. 

b. Series-opposition Test . — If the two windings are connected 
. series opposition and an alternating-current voltage impressed, 

; shown in Fig. 28, no flux will exclusively exist in the core, 
his is readily seen from the general equations which, with the 
indings in opposition, may be written 

Fi = (Ei + iZn)Ii - jX^2I2 + jccMc(Ix - h) (98) 

F2 = (i22 + iXn)l2 - jXiJi - icoM«(Jx - h) (99) 
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Since the two windings carry the same current;, i.c.., since 

h = Li = I (100) 

the last term in equations (98) and (99) is zero, which means that 
there is no net magnetization of the core as a whole. These 
equations, therefore, reduce to 

Vi= iRx+jXi)I = ZJ (101) 

V 2 = iR‘2 + jX^i)I = Z-il ( 102 ) 

which show that the terminal voltage of each winding is directly 
equal to its separate leakage-impedance di-op. Tlu; tol.al voltage 
impressed on the two windings in sc,ri(vs cvidmilly (uiuals the 
equivalent leakage-impedance drop. Thus, 

F = Fi + 72 = (Zi -f Zi)I - ZxJ (103) 



Fig. 29. — Oscillogram from loakago-anpcdiUKH' tcHi hy Iho 
method. Note the sinusoidal shape of tlu^ voliagit and current wavoH. (Urcuit 
connections shown in Fig. 28. 



When the applied voltage is sinusoidal, the current flowing, as 
well as the terminal voltages of the two windings, will also be 
sinusoidal, since the flux in the core is suppr(ws(ul. Exact 
measurements of the two voltages and the current involved are 

readily obtained, and o.sc.illograms can 
be omitted. From the standpoint of 
precision, therefore, this te.st is very 
satisfactory. It gives, however, the 
leakage impedances at zero saturation, 
and the values obtained may be slightly 
larger than those corresponding to 
normal density. 

Figure 29 shows an oscillogram taken during a scries o[)position 
test of a small laboratory transformer. It will bo not(!d that 
both voltage and current waves are pure sinusoids. 

c. Parallelnconjunction Test . — With the windings excited in 
paraUel conjunction as indicated in Fig. 30 the current will divide 


V^Vj^V, 


Fig. 30. — Single-phase deter- 
mination of the ratio of separate 
leakage impedances by the 
parallel-conjunction test. 
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etween the two windings in the inverse ratio of their leakage 
npedances.^ The equations for this case are 


Vi = (Ri + jXii)Ii + jXi2l2 + Ec (104) 

V 2 = (R 2 + 3 X 22)12 + 3 X 21 ! 1 + Ec (105) 

^hich, by subtraction, gives 

0 = (i2i + jXOh - {R 2 + 3 X 2)12 = Zih - Z 2 I 2 (106) 

[ence, 

( 107 ) 


This test may be performed at any desired value of saturation 
y varying the impressed voltage. Equation (107) is, in general, 
pplicable to a single frequency only, and, since the currents in 
lis test will always be more or less distorted, oscillographic 
scords are necessary. The oscillograms Figs. 31 and 32, which 
ere taken when tests of this type were applied to a small labora- 
)ry transformer, serve to illustrate this point. As seen, promi- 
3nt harmonics are present even when the saturation is 
)mparatively low (see Fig. 31). 


^ It might be thought that, with the windings in parallel opposition^ the 
irrent would divide inversely as the leakage impedances and also that, 
Lth this connection, the impressed voltage would equal each of the leakage 
ipedance drops. This is erroneous, however, as the following analysis will 
■ow. The equations for this case are 

7 x = {Ri +iZxi)Ji jXiJ^ A-jc^Mcih- h) (a) 

72 = iR2 +3X22)12 -jX2iIi +jc^MciIi - 1 2) (W 

Addition of these equations gives 

7x + 72 = 27 - + Z 2 I 2 (c) 

V = + id) 

Hence, the impressed voltage is equal to one-half the sum of the separate 
ikage-impedance drops of the two windings. 

By equating equations (a) and (6), the current division is given by 

h = E 2 + j{X22 + X 12 ) + 2jo}Mc f V 

1 2 Ri+j(Xu+X2x) +2jcMo 

lich is entirely different from the inverse leakage-impedance ratio. 

Only when the two windings are identical in every respect and perfectly 
mmetrically arranged with respect to the core will the currents divide 
v’ersely as the leakage impedances. The ratio of the currents in such a 
se would evidently be unity, and windings would have the same imped- 
,ce. The last term in equations {a) and (6) would be zero (t.c., the core as 
svhole completely demagnetized), and the impressed voltage equal to the 
■pedance drop of either winding. 
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Only when the leakage impedances contain no resistance (or, 
in practice, when the resistance is entirely negligible as compared 
to the reactance) can oscillograms be omitted. In this particulai 
case, the ratio of the effective values of the distorted current will 



Single “ Phase Troinsformer 
Approx. =4100 gausses 

^ Fig. 31. — Oscillogram from leakage-impedance test by the parallel-con junc 
tion method. Circuit connections shown in Fig. 30. A two-elemcnt oscillo 
graph was used, necessitating a separate exposure for each winding. Th( 
apparent phase displacements, therefore, between the recorded quantities fo 
winding 1 and winding 2 have no real significance. The voltages should be ver,^ 
nearly in phase. The voltage across winding 1 is reversed with respect to th 
current and represents a voltage rise instead of a drop. 


Curreniin 



tlZ leakage-impedance test by the parallel-conjunc 

? connections shown in Fig. 30. A two-element oscillo 
1 , ^ separate exposure for each winding. Th 

between the recorded quantities fo 
significance. The voltages should b 
ery nearly in phase. The voltage across winding 1 is reversed with resoec 
to the current and represents a voltage rise instead of a drop Note that^^th 
distortron rs larger than shown in Fig. 31 on account of inSe in saturatLn 


equ^ the inverse ratio of the leakage reactances. Assumin, 
undamental and third-harmonic components only, the ratios ar 
as follows: 

_ -^ 8 " _ I'l" 

n Xi 3Xi ~ If ~ If 


(108 
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Hence, the ratio of the fundamental and the third-harmonic 
currents in the two windings is the same. This would be so also 
for the fifth harmonics, seventh harmonics, etc. The ratio of 
the effective currents may be written 


h _ idD^ + (iry 
h + {nr 


(109) 


Substituting for 1 2 and J 2 " by means of equation (108), equation 
(109) reduces to 



which indicates that the effective currents divide inversely as the 
leakage reactances. 

The parallel-conjunction test gives the ratio only of the leakage 
impedances and not their actual values. When the equivalent 
impedance is known from other tests, however, it can be appor- 
tioned between the two windings, and the separate leakage 
impedances determined in this manner. 

Three-phase Tests. — The three-phase method by which the 
separate leakage reactance of the windings of a transformer may 
be determined makes use of the third-harmonic component which 
inherently exists in the magnetizing current of a transformer 
when a sinusoidal voltage is impressed. The method is appli- 
cable only when a three-phase bank of three identical trans- 
formers is available. 

The principle of the method is as follows: If sinusoidal voltages 
are impressed on a Y-A-connected bank of transformers, the third- 
harmonic component of the magnetizing current will be confined 
to the delta, where it appears as a circulating current. If the 
transformers are perfectly balanced and there is no external load 
on the secondary, no current other than the third harmonic and 
its multiples can exist in the delta. Usually, the ninth and fif- 
teenth harmonics, etc., are negligible and need not be considered. 
The third-harmonic electromotive force induced per phase of the 
delta is just balanced by the triple-frequency impedance drop due 
to the circulatory third-harmonic current. The problem is then 
to measure with precision the proper third-harmonic electromo- 
tive force and current, which, by simple division, will give the 
desired triple-frequency leakage impedance. 
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The three-phase third-harmonic tests determine the leaki 
reactances at normal (or any desired) saturation. They sho' 
give good accuracy of measurement. Of course, due to unt 
ance and other causes, it may be impracticable to obtain entir 
pure waves; but, in any event, the quantities of triple frequer 
w^hich it is desired to measure will be entirely predominant, a] 
hence, correct determination is highly facilitated even thou 
oscillogram analysis may be necessary. Furthermore, inst; 
ment transformers, if used, are not likely to affect the resu 
seriously, since their secondaries are connected directly 
indicating meters. All doubt in regard to the calibration of i 
instrument transformers is thus eliminated. 

a. Two-winding Transformers , — The bank is connected Y* 
and balanced sinusoidal voltages impressed. The third-harmo] 
current in the delta and the third-harmonic electromotive foi 
per phase on the primary side are recorded. The latter is m( 




Fig. 33. — Diagram of connections for three-phase leakage-impodance tost 
two- win ding transformers. 


practically obtained by connecting a Y-connected resistor bai 
between the lines and measuring the voltage between the resist 
and transformer neutrals. The resistance of the voltmeter ai 
the bank of resistors should be suflS-ciently high so that t] 
primary third-harmonic current is negligible compared to tl 
current circulating in the delta. 

If the generator is Y-connected and its phase voltage is fr 
from a third harmonic (and multiples), the bank of resistors m^ 
be omitted and the voltage measured between generator ai 
transformer neutrals. No commercial Y-connected generate 
however, is entirely without a third-harmonic component 
its voltage to neutral, so this method is scarcely ‘ of practic 
interest. 

As a rule, it will be necessary to take oscillographic records ar 
separate out the third harmonics by analysis. While the currei 
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in the delta is sensibly third harmonic, a fundamental and also 
other harmonics are unavoidable between the two neutrals, if 
even the slightest unbalance in the impressed voltages, the 
resistors, or the transformers themselves is present. 

The diagram of connections and the third-harmonic vector dia- 
gram are given in Figs. 33 and 34, respectively. One to one ratio 



Fig. 34. — Vector diagram of third-harmonic quantities involved in the ^‘two- 

winding method.” 


of transformation is assumed. If the transformers have another 
ratio, the quantities in the various equations given below should all 
be referred to the same side. Figure 35 shows an oscillogram 
taken during a test of a bank of experimental transformers. 


Vo/farg^e Pnmarij Neufral 
io Neuiraf of Resistor 
Bank 


Line Yolfage, 


/Currenf in 
Secondary Delia 



Y-A Connection 
Approx.B^i^^- 1?, SOO gausses 

Winding'll Primary 
Winding*3 Secondary 

Fig. 35. — Oscillogram from three-phase leakage-impedance test on two-winding 
transformers. Circuit connections shown in Fig. 33. 


• If E is the resistance of the resistors per phase, r the resistance 
of the voltmeter, and Vnn the third-harmonic voltage between 
the neutrals, then 

n" = (111) 

Since the third-harmonic current in the primary is zero (or, at 
least, negligibly small), this voltage is the sum of two compo- 



